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PREFACE 

The exercises Included In thlb book were prepdrod to nuke m<jlhem,j^t icb 
both Interesting and easy to undersland. ^ 

Teachers and mathematicians with the Southwesi Lducational Development 
Laboratory adapted' these materials. They were guided by the following 
bel le|5 : t ^ 

Children are Interested In mathematics. 
' . Learning Is enhanced by emphasis on understanding of concepts 
rather than on<l!)emor I zat Ion of rules, and understanding 
results from being actively I nvbl ved 1 n experTience 
which concepts are to be abstracted, ^ 
Alternative sequences of mathematical concepts can be^ 
followed, and yet the structure ot mathematics can be 
preserved. 

Children can learn more mathematics than they are nov{ 
y learn I ng. 



' .1 



Edwin Hlndsman 
Execut I ve D I rector 
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Ch«pter 6: 



The Basic Operations: A Deferent Look 



Section 3-1 A.ddltlon In Expanded form 

Look at the simple (jddltlon problem 4 + 3 - ? Of course, right ^ 

away you know the answer I s, _7 . If you did not know the answer you 

could think of a set A that has 4 members and a set B that has 3 other 

> 

members, and form the </n Ion of the two sets» 'If you then count the 
number of members In the union you would have the answer to the add I- 
t Ion prob lem* , 

This way of doing addition Is fine as long as you have problems 
llk^ the one above. What about problems like 892 + 367 ? You could 
find the sum of these two numbers using sets, just as you did with 
4 '3 ; bijt It would be a long, slow process. It Is our base ten 
system that makes addition so easy. Look at the example telow: 



, 892 
+ 367 
1,259 



Expanded Form 
800 + 90 + '2 
300 + 60+7 
I 100 + 150 + 9-*- 



t t 



-150^ 



I 100 



-1259 



-♦-sum of ones 
-►sum of tens 



-►sum of hundreds 



•^flnal sum 



♦ 



# 



4 lo. 



Exercise 3-1 

*' Use expanded form to find the fol lowi ny. sums'. Follow the 
example above. 
I. 246 = 

. + 139 = 
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2. 784 = 

+ 926 = 

3. 777 = 
* + 964 = 



4. ^ 123 



+ 987 = 



5. 



'486 = 



+ 766 = 



6. 



949 = 
+ 892 = 



BRAINBUSTER: 
7. 2,345,678 = 

• M- 9.876,543 = 



. 11 



/ 



Section 5-2 Addition In Shori Form 

Now that you have done some addilion using expanded form, let us 
see tf^we can shorten 1he method and do an addition problem more 
quicklyv 
Ex^mp le : \ 

Follow the. steps as we work the addition problem 

/ t • 563 + 787 + 584 = 1734 

56^3 

. ^ 787 

+ 384 

Step I. Add the digits In the ones place, that is, ' ^ 

3 + 7 + 4 = 14. Place the partial sum here. — ^14 

A 

m 

Step 2. Add the digits In the tens place, that Is, 

60 + 80 + 80 = 220. Place partial sum here. >"220 

Step 3. Add the digits In the hundreds pJace, that is, 

500 + 700 + 300 = 1500. Place partial sum here, ►I 500 

Step 4. Add the partial sums to find the final* sum» »-^l734 

Notice that If you usef this methodT It Is just as easy to add 
/ ♦ ' ♦ , 

from left to right as from right to left. 
Exercl se 5-2 ' 

Work the following problems as Is done In the example above. 
U 46 ^ 2- 25 3. ; 22 4. 72V 

+17 +32 ^ +57 y 324 



5. 



476 
398 

+ 89 



6. AQ\ 

414 

+ 898 



7. 1777 
. + 598 



8. • 3456 



•4634 



+ 7279 



9. 



234!>6 



-96765 



+ 45678 



10. 



9999 



^^•^"N, Section 5-2(a) Addition In Short Form \ 

« 

Thisjs the final short form of addition which you' wl II want to 
be able to do we Ik See If this isn*t something like the way you think 
when you are doing an adc|ition problem* 



68 
257 
5-*- 



(a) 8 + 7 = 15, "put down the 5, 'carry' the I." 



KjD 

68 
257 



op 

tea 

257 
325 



(b) 0+ 6 + 5 = 12, "put down the 2, 'carry' the I." 



<c) ©+ 2 = 3, "put down the 3." 



Exercise 5- 2(a) 



I. In part (a^/^ When you "carry the 1", wha1 does 1hls 'I' stan^ for? 









2. In part 


(b), when you 


"carry the 

1 

1 


3. In i)art 


(c), when you 


— 1 

added(TV 






( 



Work the fol fcWng ))rob lems using the short form as In the example on 
the preceding page. Circle your "carry" \f'\f will help. 



4. 35 

+ 59 



5. 69 

+ 79 



6. 75 
+ 68 



7. 465 



+ 654 



8. 345 

567 
+ 789 



9. 3579 
2468 
2345 
+ 9876 



10. 98765432 
23456789 
98765432 
+ 23456789 



11. BRAINBUSTER. Write the answer to problem 10 In words. 



Section 3-3 The Number Lino 

A very useful way of picturing numbers Is to look at wt>at Is 
called a number line , f^/st we draw a lino, as shown below, with 



arrows on both ends. The arrows show that the 1 1 ne goes on and on 
In both directions. 



Next-\ we pick a point (any point) on the line and let It gQr respond 
to 2©ro. To tne right of zero we mark a point corresponding to I. 
(This part of the number line, between 0 and I, \s called the unit 
I nftg^rva I . ) . 



^ 1 1 : : ' : ^ 

'0 I 

Now, we mark 2 to the^ right pf 1 , 3 to the right of 2, 4 to the right 
of 3, etc. The distance between I and 2, 2 and 3, 3 and 4, etc.. Is 
the same distance as between 0 and U ^ 



1 1 1 1 1 ^ 

0 12 3 4 

The part of th)& number line between any two points Is called a 

^^^^^ 

1 1 ne segment . (Segment means "part of", so you can think of a I Ine 
segment as "part of" a line.) 
E><ercl$e 5-3 , ♦ 

Use the number line above to answer the following questions: 
L What Is th© smallest whole number represented on the number line? 

Mi 



2. W^iat is t?ie smallest qquu \ I ng numbof roprosonted on iUe number- lino? 



3- Ih^dlstance butweon'^3 artel 4 lb the as the dlstarice 

between 0 an 

4. The (Jis+anc^ betweer) 4 arid b Is 1he same cis the cJlstar^ce bet>/een 
and 



\ 



What do the arrows on either end of the number line mean? 



T 



6. Is there a Jarqest number 'on the number line? 



Why? 



Section 5-4 Addition on Number Ll.ne 

^To add tK^ number 3 to the number A, start from 0, mov6 four units 
to the right to the number A, then move three more unlts^^o t^he rPght. 







3. ► 


I/- • ■ . ■ 






M 

1 


4 V 3 = 


2 : 


1 1 1 ( - - ■ I ^ 

J , Q 9 10 II 12 

* • 



3 + 6^9, would ^ook like this: 









1^ — — T T r-^ 


3— ► 


* 6 




[ — « 1 
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Exercise 5-4 

U What addition problem Is this a picture of? 
• * 

— i— 
0 



12 



4 



I 



-T" 

2 



5 



6 



8 



9 



10 



12 



2. What addition prpblem Is this a plcturo of? 



. J 

T 1 , — 1~ 1 ^ , 1^-^:,^ ^ ^ 



0 


' 2 


.3 


4 


5 0 







9 10 II 12 13 



3. Is this a picture of4 + ^) = 9or'? + 4 = 9? 



Why? 











. , , , ■ 


, , , ' 


( 

1 


) 1 2 3 4 ! 


) 6 7 8 c 

■ ■ - - ■ 1 


) 10 11 12 13 





•■^■■4r""*Draw-rtuinbGr itrres an(t^-^^ the addition of the foMowIrig: 

o. 5+9=14 

1 

b.. 6 + 5 = 9 . 



c. 8+9=17 



d. 9+8=17 



llX_Ll' ^ 



Section b-b Reiiroup inq In Subtrcjd ion 

Let us now review the operation of subtraction. You should ur^er 
"Stand exactly what happens whert tifm- numberi3 - ar e Srubtf"t^<,Je4, e^^i^tly 



what you are doing when you ''borrow.'' 

( 

^ Example : 68 - 49 = 19 

68 * 6 tens + 8 ones 
- 49 4 tens + 9 ones ^ 



Loo(^Ing ahead, you- can see that 8^-9 cannot be done with whole 
numbers* Therefore J|t w|,l I be necessary to regroup the 6 tens Into 
5 tens + 10 ones. 'Then we "borrow" the 10 ones and add them to the 
B ones. Now ^e c^colnpleta tfHe subtraction as shown bel<?w: 
68 6 tens + 8 ones 5 tens ^^18 ones 



-I- 9 onX 



49 4 tens 9 oneV 4 tens ^ 9 ones 

19 . I ten -f 9 ones 

Exercise 5-5 . cr- 

Work the following problems as Is done In the example above. Do not 
u^o the numerals I, 10, I0.0> or l/OOO* Write these numerals In words 
as is done In the example, \^e. ones, tens, etc. ^ 



Section "y- b bubt r <jc 1 i ofi in Lxpan<led I or m 

"I he exdmplo bolow shows 1ho sublraction ()H - A9 usnicj expondod 
lurm. Study it ^..dfofully. • 
S1ep I. 68 and 49 are wtilton In expanded ix>rm: 

68 60 t 8 • ' 

- 49 40+9 

Step 2. Looking ahead we see ttujt 8-9 cannot be done with whole 
numbers. Therefore, we regi%)up 66 as _ _„ _ 
/ 50 + 18.- — , 



68 50+18 
49 40 +- 9 



Step 5. Now we are ready to subtract 9 from 18 and 40 from 50. 

68 50+18 

- 49 40+9 

19 10 + 9 

Exercise 5-6 

Work the following problems as done In the example above. Show all 
•the regrouping. . ., 



I. '58 

. - 39 



2. .'73 
- 56 



12 



\ 



3. 



125 



- 57 



5. 



452 
168 



503 



- 247 



3,532 
1 ,654 



Section .5-7 Subtraction In Short Form 



Study carefully the forms of subtraction below. .This should make 
clear' the* mean I ng of "borrow i/ig" In subtraction. 



Short Form 
342 
- 187 



Expanded Form ' 
342 300 + 40 +-2 
- 187^ 100+80+7 



Ma 



2i' 



Short Form - ' ' ' LxpondecJ f orm ^ 

5 . 

542 2-7 cannot^be done with 342 500 + 50 ♦ 12 

^ whole numbers, $o we 

" - 187 regroup the tens." - 1^7 100 + 80 7 

/ 

. ^42* 3-8 cannot be done with 342 200 + 1 50 + 12 

whole numbers, so we 
- 187 regroup the hundreds. . - X87 • 100 + 80 + 7 



25 ♦ ' 

U2 Now subtract. 342 200 + 1 30 + 12 



- j^87 • , * ' - 187 100 + 80 + 7 

155 ' • 155 100+50+5 

• » 

Exercise 5-7 | . . 

^<o^K the fol lowl ng prob lems using the short form shown above? 

1. 2 4 6 2. 9 2 6 . . 3. 9 6 4 4. 4 

* • - 
- I 3 9 - 7 8 4 - 7.7 7 - 1 5 



5. 2 3 2 3 6. 7 6 6 7. 9 4 9 8. 5 1 

~ 9 6 7 - 4 8 6 - 8 9 2 - j_7_ 



9. 6 0 5 5 . 10. 2 0 0 3 



14 




Section SubtriiCtlon on Numbor L ino 

lo subtrdd the number ^ from tho numbor /, star t from 0^ rnovo 

/ units to the r I gt) t to the number /, now niovo ^ unlt*.> to thu loft _ 

<^ 

from the numbrer 7. Where did you stop? dns. 

Below Is cj picture of the sub t r rjct 1 of> 1 - S -'4. 

^7 H 




"1 

8 



Lxerclse ^)-8 



Draw number lines and show the followliuj sub t rdd 1 on s 



I. 12 - b = 7 



2. 9-6=3 



3. 10 - I = 9 



- 4. 15 - 12 = 3 



5. 9 - 9 =^ 0 



23 



1- 



15 



6. What subtraction is pictured on the number lino below? 







1 ' 






= 


— 




1 T ■ 1 1 1 1 





0 



8 



.1- 



Section 3-9 Multiplication with Numbers Ending in Zero 

The numbers 10, \00 , \000 , 10 ^000 , etc., are easy to work wl^h 
In multiplication problems. There Is a pattern to the answers 
( products ) when these numbers are part of the problem. Study the 
^following examples: 

10 = 30 
100 = I206 



3 
12 
37 

6 
125 



100 = 3,700 
1000 = 6000 
10,000 = 1,250,000 
Do you -see the pattern? If we multiply some number by I f o I I owed^'ty , 
say 3 zeros, the product will be that number followed by 3 zeros. 
£xerclse 5~9 

10 = ' 



/ 



i. 


7 


^ • 


5 


3. 


8 


4. 


32 


5. 


69 


6. 


507 



10,000 = 
l,QPO = 



100,000 = 
10 = 



ERJC 
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c 

7.. \,n^ ' 10,(300 = . 

8. 4 • 1,000,000 = . 

.9. 100 • 98 = ^ 

10. 10 • 52 = . 

Express each of the following numbers as a product of 2 numbers. One 
of the numbers must.be a power of 10, that Is, 10, or 100, or 1000^ or 
10,000^ etc., and the other. number must ncjt have a zero In the ones 
p I ace . 
Examples: 

570 = 57 • J^; 107,000 = l07 • 1 , 000 ; 5,700 = 37 • £00 

11. 360 = _^ . 16. 9,700 = ^ 

12. 5,800 = . i.. 546,000,000 = 

13. 90 . 18, 70,500 = 

J4. 397,000 = 19. 8,700 = ' 

15. 250,000 = 20, 1,010 - 

Now you know how to multiply, easily. In problems like 10 * 5 , 
32 - 100 , etc., and also know that 50 = 5 - 10 , 3200 = 32 * 100 . etc. 
Let us see If you can make another dis'covery about multiplication. 
Look at the followl^ng fnu I tl p llcatlon problem and then answer the ques- 
tions that fol low* 

30 • 70 = 2100 

Exercise 5-9 (a) [Note: problems continue on next page.] 
I. Does 30 = 3 • 10? . 



5. Then, does 50 * 70 - ( 3 * I (/)•(/ * 10)/ 

4. Does it make any ditfotence in th^i answer (produd) how wo 

arrange 1he numbers ti.) be multiplied; tor ox.MnpIo, doe:> 

2 ♦ 5 ♦ !) = 3 ♦ • 2 ? 



5. Then does*^ 30 • 70 = ( 5 • 1 0 ) • ( 7 • 1 0 ) = 3 • / • 1 0 • 1 0? 
6-> 3 • 7 = 

7. 10 • 10 = - . .' 



8. Then, does 30 • 70 = (3 -^7') • (10 • 10) - 21 • 100? 
9,. -Then, the product. of 30 • 70 = 2 1 • lo\ = 



Examples: (Note: 'p' stands for product . ) 
(a) p = 20 • 30 ^ (,b) p = 300 • 50 

p = (2 • 10) • (3 • l(}-^^ p = (3 • 100.) • (5 • 10) 

p = 2«3-IO-IO p = 3- 5- IOO'-IO 

p = 6 '-^00 _ p = 15 • 1000 

p = 600 p = 15,000 

Do the exercises below and on the next page in the same manner as the 
examples above. Oo not leave out any steps. [Note: problems continue 
on next page. ] ' . 



10. p = 30 ♦ 40 

P = 

P = 

P ~ 

P = 



3 



1* 



\ 



II. p = 70 • tiOO 
P = 



o = 



P = 



12. p = 900 • 60 



P = 

P = 

P = 

P = 



3. p = 9^- 400 



P = 



P = 



P = 



P = 



14. p = 600 • 800 



P = 

P = 

P = 

P = 



15. p = 7,000 - 500 

P = , 

P = 

P -= 

P = 



1 ^ 

r 



ii'.:. < 
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Let us see it yuu hovu <h f i vtfd at the quic^.K orul edvy nit?ffu.Kl 
multiplying numbers that end in zeros. L(X)k a I the problem below and 
the questions that follow. 

600 • 30 - 18,000 

1. How many zeros are -there in the numeral 600^ ans- 

2. How many zeros are there in the numeral 30? ans. 

3. How many zeros altogether? ans. . 



4. How many zeros are there in the product 18,000? ans. 



5. Now let us take a look at the above problem again. Observe the 
pattern: * ^ 

2 zeros I zero 6 • 3, 3 zeros 
600 • 30 = 18,000 

Exercise 5-9 (b) 

Study those examples: / 

400^ • 700 = (4 • 7) followed by 4 zeros = 280^00 
60 • 30 = (6 • 3) followed by 2 ^eros ^ l,800" 
8000 • 9000 = (8 -'9) followed by 6 zeros = 72,000,000 

Then complete the following: 



\ 



1 . 3b • 500 = 15.000 

2. 500 • 70 = 



3. 300 • 9,000 = 

4. 8,000* ♦ 9 - _ 

5. 600 • 900 = ^ 

6. 80 • 7,000 = _ 



700 • 100 ■ 

8. 40 -9,000 = 

9. 9.000 • 9,000 
10. 4.000 • 700 = 



Sod Ion Mu 1 1 1 p I I cot I on In I xpondo d t ot m 

Lot us now soo I f wo can nuiko u'^i) of what you h.jvo Just Moarned 

to help yt>u uodef bland ovor yday n»un Ipl Icdt ion pfoblt>mb. Look tt^o 
oxumplos bo low: 

■/A 20 +\ r^O 4 140 - (7 • ^0) 

X 7 Z.^S%1?^ L ' ^'f ' 

140 + = U)U 



Lot u'-. try anottiur ono. 



600 ^ ( .5 • 200) 



- y Vj ?00^ « 30 » 'j 200 ^Q^ ') 00 - ( 5 • 30 ) 

X 5 5 5 _^ ^ JJl ^ <^ • 'j) 

' 600 f 90 i \b - VO'i 
t xof c l so 10 

Wcjrk ttje followltuj problonr* in 1[io 'juaKJ mannor <is Iho oxaniplo'_. abovo 

I. 4/ • (' 
X 4 



2, 68 

X 9 



29 



21 



3. 63 
X 7 



4.^ 41 



X 5 



5. 98 
X 9 



6. 264 



X 6 



7. 473 

X. 7 

V 



8. 987 
X 3 



\ 



30 



22 
4 



\ 



!jm.tU>i> l>- lO(ci) M ul t Ipl Icut lul l in Lx putuluJ K;»!rrn 

In Sect I on ^-\0 you learrioil to do mu 1 1 1 p I 1 co t 1 ofi Ifi expanded f Of m. 
Let- us now see If wo c^n shor ten the pr"o(.,t)s& a llltlo. Uslny 1he same 
examples as In Section 1 0 we con shortefi the procedure 

-fxcifa : to: 

140 - ( 7 • ^'O) 24 
20 - (7 • 4) X 7 



24 

X 7 



20 f 4 

J 
1 



20 4 
f 

7 7 



140 28 



168 



28 =-(7 • 4) 
140 - (7 • 20) 



Using the shorter form ofi the right, 3 • 235 would look like this, 



235 
X 5 



15 = (5 • 5) 

90 = (3 • 50) 

600 = (3 • 200) 

705 



Exercise 5- 10(a) 

Work tho follpwlng problems using the shorter form as In the examples 
above: 



I. 47 

X 4 



2. 68 

X 9 



5, 65 \ 
X 7 



4. 41 

X 5 



5. 



368 

X 7 



6. 



264 



7. 



473 

X 8 



8. 



987 
X 5 



0 

ERIC 
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Section 10(b) Mu I t I u I I cat l ur) I n l^^p dllJ d^^ 

In the last two soctlons wo multiplied 1wo-dlylt numbers by one 
digit numbers- Lef us see whj^t happeris If we use pairs ()f Uir^jer 
numbers. ^ * 

Examp I e I : 



46 40+6 40 f 6 40+6 40 6 40 6 

X 34 30 + 4 30 4 30 30 ^ 4 , ^ 

1200 + 180 + 160 + 24 1364 
As you can see, this Is a rather long procedure* Let us see If we 
can shorten It a little^ 

46 40+6 
X 54 30+4 



24 = (4 • 6) 
160 = (4 • 40) 
^ 180 = (30 • 6) 

1200 = (30 '40) 
1564 

Exercise 5- 10(b) 

Work the following problems as In example 2 above: [Note: Study problem 
(5) before working problems (6) - (9).] 
I. ^ 67 2. 45 , 3. 97 4. 32 

X 24 X 63 X 69 x 78 



346 300 ♦ 40 ♦ 6 



X 67 " 60+7 



42= (7 • 0) 
28^ = »(7 • 40) 
2100 = (7 • 300) 



360 = (60 • 6) 
2400 = (60 • 40) 
18000 = (60 *.J>00) 
23182 



6. 473 
X 24 



839 



X 48 



735 
X 95 



\ 



BRAINBUSTER 

648 
X 375 



Section 5-11 Multiplication In S hor 1 f or m 

Study the steps below and see If ttils IsnM somolhing like Iho 
way you think when you are doing o multiplication p rob lorn. 
Example : 46 • 34 = 1564 
Step I. @ 

46 4 times 6 Is 24, put dtw^ -4, "-ca^py---tha-2-,• 
x 54 . • 
4 



Step 2. 46 4 times. 4 Is 16, plus 2 "carry" Is 18, put down 

X 34 

184 the 18. 




Step 3. 46 3 times 6 Is 18, ^t down the 8., "carry" the I. 

X 34 

184 ^ 
8 

' Q) 

46 3 times 4 Is 12, plus I "carry" Is 13, put down 

X _J4 

184 the 13. ^ 

• 138 



16 now add the partial products 

X 34 

1 84 » F I rst partial product 

138 > Second parti 5l product ) 

1564 ' » Final product 



l.xercl se 5-11 



The following questions rofor to the steps takon on pdcje 2b. You 
may^wlsh to refer to Section 5-IO(b), page 25, also. 
I. In stop I., whun you '^corry the thi) ^'2' stands tor 2 



or 



2. In step 2., where it says "4 times 4 is 16", it really means 4 

times is . 

5. In step 2., when you "put down the I8*\ the M8^ stands for 18 
or 



4. In step 3., where.lt says "5 times 6 is 18", you are actually 
multiplying by 3 or . 

5. In step 3., when you "put down the 8", the '8* stands for 8 

or 



6. In step 4., where It says "3 times 4 is 12'', the '3' stands for 



, the M' stands for 



, and the ' 12?. stands for 



7. In step 5., you are actually adding 184 to in order to 

• ^ .» 

get the final product 1564. 

% 

8. The following multiplication problem is done for you. Write the 
expanded form within the parentheses. [Hint: See problem (5), 

Exercises 5- 1 0(b).] , 

/ 

^78 
439 

72 = 
630 = 
5400 = 
240 - 
. 2100 = 
> I8O00 = 
3200 = 
28O00 = 
240000 = 
297642 



70 



1 



27 



Exarclse (a) 

Work the following problems using otiy malhod you wish. 



i. 



61 

X 6 



2. 



64 



X H 



47B 

X 7 



4. 



835 
X 8 



5. 



7498 



X 6 




I ■ * 
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Section ^3-12 Multiplication on Number Lino 

Just as addition and subtraction may be shown on the number line, 
multiplication may also^e shown. for uxaniple, to sfmw 3*4= 12, 
consider an arrow for 4. Three such arrows laid end to end (tall to 
head) Indicate 3 • 4. 



-* — 


4 *► 


^ — ^_4 ► 


4 ^ 




t 1 1 1 










1 1 1 


1 1 « 


► 



0 



6 
12 



8 



10 



I I 



12 



Exercise 5-12 

Draw number lines for each of the following; 
I. 2-9 



2. 3 



3. 5-3 



4. 2*6 



37 



\ 



5. 6 ' 2 



6. 6 

7. 3 



Section 5-13 PI vj si on as Repeated Subtraction 

Let us now take a look at two different division problems. 

Example I : Example 2 : — 

35 ' 29 

- _Z - -i 
28 20 

- 7 - _9 

21 II ' 

- -I ^ - _9 

14 2^ ►remainder 

- 7 



7 ^ 



- _7 
0 



Notice, In Example I, we kept subtracting 7's until the differ- 
ence was less than 7. In this case, the remainder Is zero. How many 

times did we subtract 7? ans* This tells you that there 

35 35 
are 5 sevens In 35. Therefore ^ « 5, remainder 0; or « 5 r 0- 

Notice, If) Example 2, we subtracted 9*s until the difference was 
less than 9; In fp\s case, 2. How many times did we subtract 9? 
ans. What was the remainder? ans> This 



38 



tells yotf that t tun t> o S n I rur^ In ^'9 oruJ / loft ovtu . 1 fiortjt ore, 
2| = 5 r 2. 



r.xercise I 3 

V- 

Work the following problems by repeated subtraction as shown In the 
preceding examples: 



I. 63 

7 



2. 125 

25 



3. 72 
12 



4. 66 
13 



5. 38 
3 



Section 5-14 Division In Short Form 



After doing the exercises In Section 5-13 (especially the problem 



38 



you should realize that although tlje method works, the process can 

I 728 

become, very long'and tiresome. Try dividing '-^ — by repeated subtrac- 
tion if you are not convinced, and see how long It takes. 

Let us^use the i dea of repeated subtract I <^|||^ but let us shorten 



the process some* Look at the examples below: 

. ^ = 3 



Subtract ten 3's, (10 • 3)- 
Subtract ten 3's, (10 • 3)- 
Subtract three 3's, (3 • 3)- 



69 
*^ - 30 

39 



30 
9 



remal nder • 



► G 



Add 



10 



10 



answer 



3,9 



with a little uK>re practice^ you will be dblo fo stuM feri fhu 
process even more by taking fewer stopi.>- 



Subtract twenty 3's (20 ♦ 5) 



69 
- 60 



Subtract three 5's (3 • 5) 



- 9 



rema I ndep 



Exercise 5-14 



Add 

20 



0 23 — ►-answer 



( Quotient ) 



Work the following problems using the method exp lal ned^ above : 
(Note:, prob lems contl nue on n^^d-^^ge.] 




97 



5. 



123 
8 



40 



/ 

32 



r 



4. ^ - 1 



remal nder 



^9?0 
700 
220 
210 
10 
7 



-►3 



100 



50 



131 



334 



1417 



7. 



9250 



8. 



8427 



9. 



9437 



41 



33 



Sedlon ^-I4(t i) Ulvi -, ion in Shot t j o]ji2 

The followiiuj is an oxamf)lt' of c1 i v i <•. i <.>n wfuTo the (Jivis(^r is 
? digit number . 

67S 



Sub'+ract ten 25's (10 ♦?'))- 



Subtract ten 25's ( 10 • 2b) 



Subtract four 25's (4 • 25) 



Subtract three 25's (3 '25) 



25 



25 



rema I nder 



075 

- 250. 
425 

- 250 



I 75 



-*■ - 100 



75 



- 75 



10 
10 



■*-0 27— ♦-answer 



(Quotient) 



Exercise 5- 1 4 (a) ' - 

Work the follow-ing problems as shown in the example above: 



I. 



914 
44 



2. 



1498 
21 



ERIC 



3. 



823 



1 8? 8 
IS 



J? 



\ 



5. 



7094 



6. 



27345 
23 



Section ^-I4(b) Division In 'jhor t >ofm 

The method of division shown below Is cxily slightly different 
from the method you hove been using the past few days. We will now 
place the partial quotients above the dividend. 



Subtract one thousand 4's 



-Subtract throe hundred 4's 



Subtract fifty 4's 



Subtract nine 4's 



1359 



-quot I ent 



50 



300 



1000 Add 



4)5439 

- 4P00 
1459 

- 1200 



239 



- 200 



59 



36 



3 remainder 

Exercise 5- 14(b) 

Work the following examples using ,the method shown above: [Note; 
problems continue on the next page.] 



I. 9)1233 



2. 8)9683 



ERJC 



4<i 



SectJon 3- 14(c) Dlvl sl of^ in Stior t t ot m 

There is a shorter way 1o write your quotient in divisitxi- it 
will allow you to do your woVts rrnxo quickly. 

Study the example below. ^ 
(a) Shorter Method (b) S hortest Method 

1559 



50 



300 V*- 
1000 ^ 



5439 
- 4000 



1439 

- 1200 

239 

- 200 

39 • 



56 ^ 



3-4- 



-+►1559 



5439 

- 4000 
1439 

- 1200 

239 

- 200 

39 
\ 

36 



remai nder- 



3 



In (b*, to show the paVrt^Ial quotient 1000, we can write \_ In the^ 
thousands place. Instead of writing 300, we can write 3 In the hundreds 
place. Instead of writing 50, we can write 5 Ih the tens place. Then \ 

f 

W6 can wrlto y In the ones place. 



Lxerclsu *>- I4((. ) 

Work the following as shown In example (b) on tho procecJlng pago 



I. 3)963 4)848 3. 3)499 



\ 



4^ 4)648 5. 6)4882 , 6. 8)6896 




7. 6)4928 8. 9)6524 9. 8)7932 



1 

t 



Lxoicl<-,o 14(d) 



Divide, u>»lng <iny mtjthod you wish: 



39 



604 
82 . 



44 



J49H 
> 21 ~ 



4. 



8446 

65 



5. 



9687 
2J 



784Q 
52 



2376 
18 



8. 



8767 
72 



9. 



19780 
20 



t 



V 



/ 



I 



K«>v i <.iw I \<M ( i '.u 'i- r> 



y.^i-'i-^.'^.Lf^r.y. — Uosct ibo /In your own word^j: . 
(a) digit 'j (g) product 



(b ) par t i aH sum 



(ti ) d i f tororicG 



(c ) number I I ne 



( 1 ) mu 1 1 i p I ier 



(d) regrouping 

(e) quotient 



( j ) part i a I product 



(k) divisor 



(f) partial quotient 



2. Work ttie following using any mettiod you wlsti, but stioWv 
work: j 



Ad^: (a) 578 
4,549 
^ 496 
■ ^ ^7,083 



(b) 6,32 
79 
3^,137 
4,034 



Subtract : 



(c) 5iJ,93l 
6,336 



(d) 



6,719 
2,480 



J 



Multiply: 



(e) 



354 
26 



(f ) 



709 
61 
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D i V i de : 



ly) B)2472 



(ti) /'0)ai(.0 



5. Draw number lines showing each of the foi^)wing 
(a) 5 + 8 = II 



(b) 10 - 4 = 6 



r 



(c) 5 • 3 = 9 



4 V 



4. -Wha,t problem Is tnls a picture of? 
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Chapter 6: 
Geometry 

•f 

Section b-l Introduction 

The world Is full of physical objects. Touching or handling such 
objects helps us get an Jdea of their shapes and sizes. We can tell 
t{>«-^f ferencee between smooth and rou^h, sm^M and large objects. 
\ie s6e that some objects have ends/ corners, edges, sides. Some 
Y^^^^jects are straight, some are flat, anji some are round. -v' 

Touching and seeing help us tell the ^ I f f erences between the 
I shapes, sizes and forms of the objects around us. These differences 
help us when,,we want to group these objects Into special groups. 
Geometry has developed from a study of shapes of objects In the world 

around us. \ , 

» 

The Idea of number in arithmetic Is a mathematical idea which grew 
from the need to know how many members are In certain s«ts f In. geometry, 
the ideas of point, line, plane, and space are mathemat Ica Mdeas that 
grew when people wanted to group certain sets of figures and to measure 
their sides or edges. . Just as In arithmetic you studied numbers and the 
operatl6ns on them. In geometry you (jj II study points, lines, and planes 
and how they relate to each other . 

"We shall study abouT^a^art of geometry that has to do with how 
such things as points, lines and planes are related. You will notice 
that numbers are used very I Ittle In this chapter. 



51 
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Section 6-2 ^ Points ' 
Let us begin with a simple figure In geometry, a pol nt . Uiirjk 
of the following: the tip of a pin or a noedio; the end Of a *>hdrpcnod 
stick or pencil; the corner of a box or a piece of paper; a grain of 
sand. All of these show what we mean by a point. 

^ • • — idea — 

Which of these Is the best picture of a point? The smaller the dot, 
the better the picture. 

Is the dot you make on a paper with a sharpened pencil a point? Is 
the hole you make In a paper with the ^arp tjp of a pin a point? If 
you answered yes to the last two 'quest Ions, you have an Idea of what 
we Imagine a point to be. But It is Incorrect to say that a period, a 
dot, or a pin hole are points. Points^ like numbers In arithmetic, are 
a creation of the mind — they are an Idea . The smallest dot you can 
make with your pencil is ,^ot a point. It is slowly a picture of wh 
we/ In our minds. Imagine a point to be. 

We will think of a point as having position , but not s t ze . The 
pictures of points that we draw^n our paper and on the board will help 
us to see and remember the position of points we want to talk about • 
When we say, "draw a point" we will mean "draw a picture of a point". 

We have studied sets before. We said that sets were Irrportant In 
rtiathematics. In our study of geometry we will look at sets again, but 
this time we will talk about sets of points - 

will now think about some Important sets of points. 




\ 



\ 



5^ 



2 
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IjQLtlon b-i Lino Saqmuftts 

5raw two points on your paper* L^be\ thorn A and B. Mark two 

more points on your paper labeled C and D so that your drawing looks 
like this: - ^ 



B 



Can we say that C Is between A and B? D Is also between A and B. What 
can you say about B? About A? Look at the drawings below: 



Figure I 



Figure 2 



Figure 3 





• 

P 






R 




* 

Q 






In Figure I, none of the three points Is between th<J other twp. 



In Figure 2, P Is between R and Q. In Figure 3, P Is not between R and 
Q because there are only two points Indicated. R and P are. two differ- 
ent names for the same point. 

Draw points E and F on your paper between points A ar\ti B. Your 

• »• 

drawing should look something like this. 



Cpntfnue to add points that are between A and B to your drawing. 
Jf you had a very sharp point on your pencil, how many points could you 



J 



S3 



) 



Y 

draw? Could you conllnub forever dr<iwlruj i)oints on your pdpor if 
your pencil kept getting stiarpor and shorpur / 
Your drawing may loc^k like now. 



* E C D F B 

endpolnt " endpdint 



jodi 



• As you continue to jdraw points between A and U, notice, ttiat tf)ure 
are many points between every two (different) points?. The set of al I 
points bi^een A and together with the endpolnts A and D is the 
line segment between A and B. A line segment is a set of points mad>Q 
up of two endpolnts and all the points between them . It Is hard to 
draw a line segment by showing many points* 

It is easier If we draw ^ line segment 1 J ke this. 




I 

Which of these Is the best picture of a line segment? The thinner the 
drawing^ the better the picture. 

Are there some objects In t^e classroom' that suggest a line seg-^ 
ment? The edge of a box op a penci 1 might .suggest a line segment. 
A piece of string stretched betwe^ two poles will also suggest ^ ^ 
i Ine segment. ^ 

^ To name a line segment we use the names of the two endpolnts. If 
the picture of a line segment looked JIke this 
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then the lino secjment could bu n<)fTX)<J l\) or Of\ Wo uso tho bar ( ) ovor 

the letters to remind us that we are talking about a line segnenl. 
Exercise 6-5 

I. Draw a line segment AD and mark points C, D, and E on I t as shown. 



B 



ERIC 



2- 



Write as many true statements about your drawing as possible* 
For example; E is between A and C . 

In the figure for Exercise I, which of the following statements 
are true and. which ones are not true? 

(a) A -is between B and E. * ^ 

(b) C is not between A and 

-vt 

(c ) E is bet\veen A and D. ^ 

(d) E is between A and 



(e) C is not between E and B- 

(f) 8 is between D and E. _ 

(g) D is between E and B. 

(h) E Is between D and B. 

(I) C is between E and D. 



3. Which of the following drawings show a p^lcture of AB? 



(c) 




B 



(d) 











f 




• 




(e) 









B 
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In the figure on tho ^<lht, B Is on 
AC, D Is on BG, I Is on BF and on 
OG, and G Is on AF, as shown • 

(a) How many line segments shown have 
the endpoint A? D? E? 

(b) Which point Is an endpoint of the J| 
least number of segments? 

(c) Which points are the endpolnts of 
the greatest number of line seg- 
ments? 

(d) How many more line segments can 
be drawn using dniy the given points I 
as endpolnts? 

How many line segments can be drawn In the following manner? 

(a) Wh^ three points are used, \i they are not in the same 
^llne segment. - \ 

(b) When . four' pot nts are used, no three In the same line segments 



(c) When five points are used, no three in the same line segment. 

(d) When six points are used, no three In the same line segment. 

, , ■ .... Ill . - . 

(e) Can you guess, from your answers above ,^ hovTThaoy line segments 
can be drawn when seven points are used, no three In the same 
line segment, without drawing a picture? 




5g 
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Soi t ion ()-4 l^<)ys <jn<i I iru*'. 

c 

Tfiere arc ottinr impur iant ^sets of points ttuit twive special prop- 
erties. Some-.of- ttiese ni^i^ sets of points are very muct^ like line 
segments- f^eca I I that a lino segment is a set that con toxins two points 
and all 1t)e poi nts between them . Draw a line segment on your paper and 
label it PQ. Now f i nd a new point named R so that Q Is between P and 
Your picture might look like ttiis: 

P Q R 

Now find a new point named S so that R Is between Q and S. Now find 
other points T, U, V In the same way so that R Is between P and each 
of them. If you continue in this way you will soon come to the edge, of 
the paper. If your paper were very wide could you keep on finding new 
points? If your paper did not stop could you find the last point? 

Connect the points as you. did in drawing a line segment. The fig- 
ure you have shown Is cal led a ray > The ray you have drawn has only 
o||e endpolnt. The line segments ^e studied before had two endpolnts, 
A ray Is formed by extending a line ^^ment Infinitely In one direction. 
The endpt)lnt of the ray you havfe drawn Is named P. We name a ray by 
using the name of the. endpoint first and any other point of the ray 
second. # 

These are pictures of rays: 



is 



W[i<it <U(j tht) (Mul[>oint'. of flu* f.)y>:' Wh^t .wt* fhr n,uT*»'. of tfu' r^iy.; 
Iho arrow stiows ttujt ttiori) ib nful of ttu.) set of points in n r <iy . 1 ho 
rays shown on "tfio previous pcnjo <jrt) Alf^ MnT] <)ruJ 1)1*!^ Uu? t)<H wi tti tht? 
arrow above the letlers lomlndt^ us that we <h o taiKiruj about *o ray. 
Remember, the f i rs1 lelter always names the ondpoint- 

In the figure below we tiave ttuee poinls \\ M and witti M bulween 
P and We draw' the 1wo r ays Ml' and MN . 



P M N 

We have a picture of two rays 1hat are opposife each otp)r. Ttie ray MN 
goes on and on to the righf without end and the ray Mf^ go&s on and on 
to the left without end; the two arrows remind us of this fact. We 
say that two rays are opposi te each ofher if they have on ly fheir end- 
points In common and the endpoint is betweey the other poinf^ of the 
two rays* The line shown above Is the line through the two points P and 
N (or P and M, or M and P, etc.). We write it as'^W^Cor^W^or etc.). 

Let A and B be any two points. Then the line AB, wr i tten "Xb^ can 
be thought of as the union of the tv^o rays, AB^and B/T. Why? 



B 



Remembering that a point has no size, how many I I nes do you thfnk 
two points show? The picture that follows shows several "I I nes" through 



SO th<jt wu can talk <3buut thum. 




Which of thQ dbovtj shows a line? If your answer was line (Kii, then you 
already know.whal is meant by a line. Wo think of a I i ne as being^ 
"straight." From now on when we say "line AB" we shall mean the one 
and only lint; 1h rough points A and B. Iho bar with the tw,o arrows above 
the letters will remind us that we are talking about a line e.g. ( ^ AB^ ) 

To Review: 

(I) This is the I i ne segment ^ AB or BA, having the endpoints 
A an^d B. 



(2) This Is the ray from A through B, or AB; 



B 



(3) This is the ray from B through A, or BA* 



B 
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(4) This Is Iho I i ru! ^ Al^ of IIA, <ont*iifnru] th*? [uMnt*. A ami H, 



B 




(^) Given any two point«^ A^nd 13, 

(a) Thoro is exactly one line seymont trt)m A to U or 
from U to A. 
(AB or m) 

(b) There \i> exactly one ray Ihrough B having /K^Bh 
endpoi n t • 

(Am 

(c) There is exactly one ray through A having B as endpoinJ. 

(d) There is exactly one line containing the points A- and B. 



Exercise 6^4 



1. Here ara^some rays* Give the name for e^cPi* 



2. In Vhe figure on the right, 

(a) Name three lines. 

(b) Name three line segments. 

(c) Name six rays'. 
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5. Wo r,did ttiot LOU Id bi) t hcnjijh t of <.v^ t ho un i on oi the 1 wo r iiys 
AB arui HA^ What i '> the i f) tor soc t i on of these two r'aysV 

4. 1 he tollowiny pictufu i^howb two i »iy;,» , Ali and AC, tiovif\y tt)0 sonie 
ondpoint. Do 1hese roys form a line? Why? 



# B 



Are the two rays piof^o;J in^Lxerclse 4 opposl te rays? Why? 
A ray could be de.fined^^as ttie imion of points A and all points 
betweeriA and B, and all points beyond A from B on line Does 
this set define AB or does it define BA? 



7. Which of the following statements are true? 
A ray* has (a) one endpoint. 

(b) two endpolnts. 

(c) many endpolnts. 

(d) no endpol nt • 



A I i ne has (a) one endpoint* 

(b) two endpolnts* 

(c) many endpolnts. 
"^Xd^J^ no endpoint^* 

A M ne ^^B^jdanf has (a) one endpol nt ^ 



/ 



/ 



(b) two endpolnts. 

(c) many endpolnts. 

(d) no endpolnts. 



t 



Which o< 1hu folluwifu] suittu* 



)s you think , ir t» f t 



(a) A _tdb le fop 



(b) 



1 he surface ot tht? earth 



(c) A pane of glairs ^ 

(d) Ihe blackboard ' 

(e) The surface of a t)a I I 

If your answers were (a), (e), and (d), then you already have some 

Idea of wha1 is rm^^^nt by flatness. Look around the classr-oom and see 

■ it 

if there are other otajejcts thai show flatness. 

I 

Now imagir^e a flat surface such as a table top extending indefi- 
nitely far in every direction- If you start at any point on this flat 
surface, you can wall5, in any direction without reaching an edge. This 
Is the Idea that we wish to have when we talk about a p I ane > We th i nk ^ 
of a plane as a special set of points that h^as infinite length and width , 
H)ut no thickness* 



Which Is the best picture to show a plane? The flatter the picture, the 




7 




\ better the drawing. 



W(» t )nu» f i fiu»s lit .jw [Ht fu[*'*» Ilk*' the unc* hclow tu *Ju)w (^Liiuv 




II 



Plane I 



IMone II 





As the figures above suggest, we sometimes name a plane with a 
Roman numeral, such as I, II, III, etc., or name three points (not all 
on the same line) that are in the plane. We say that three points not 
all on the same I i ne show fexact I y one p I ane . 



Exercise 6-5 

I. Mark two points, A and B, o^ the plane of your paper *and draw the 
II ne AB . 

(a) Do you think that every point of the line segment AB also 
lies in the plane of the paper^^ 

(b) Do you think that every point of the I I ne AB lles^ln the 
plane of the paper? 

(c) Could there be another plane, different from the p^lane of 
your paper, that also contains every point of line AB? 

. / ■ 



I. Look <it Uie i.or iiui of yuui cl<3i>i>TCK)m wluuij \\\k.\ plcHin ol Uuj i» mJo 
wall mouts> tor i n tor*j(fcts ) Hio pUino of Hu? front wall. lht» ^jcJcji? 
where the two walls meet Is wtuvi we 1hlnk of cjs ci Inie secjrnon t . 
IhG IntersecHon of the planer, however, is a I i nt^. 

Now look at the plane of Hie ceiling wtiere it meets ttiu planes of 

the front and side walls. How nk)ny points do all three of tliese 

planes have In common? . 

5. If two points of a line lie in a given plane, do you think all 1he 

poi nts of the I i no lie in that p I ane? 

4. Could a line have only one poinf in comox^n with a given plane? 



Section 6-6 Paths 

Mark a point. A, anywhere on your paper and place the 1ip of your 
penct^l at that point. Trace out any drawing you like without lifting 
your pencil from the paper. Drawings like these may be obtained: 




All such drawings are called paths . Note that (a), (c) , and (d) cross 
themselves at least once* Paths (a), (b), and (e) do not end where 
they started. Paths (d), (e), (f), and (g) consist entirely of line 
segments. Paths, (f), (g), and (h) do not cross themselves and go back 
to the starting pqint. 
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A puth that iiuvur <..rtK»'^t;s il:>t)lf is a i rnp li; p «)th > (b), (u), 
(f), (g), (h) 

A path that does r)o1 cross itself and does not qu back to the 
starting point is a si mp I e open path . (b), (e) 

A path that never crosses itself and ^oes back to the starting 
point is called a simp I e closed path . (f), (g), (h) 
[.xercise 6-6 

L Which ot the following are (i) simple paths, (ii) simple open 
paths, and (ili) simple closed paths? 




r 




(a) 




(b) 



(f ) 





2. 



Draw three different simple open paths. 




(d) 




(h) 



3. Draw two paths which are not simple paths. 



Section 6-7 Regions 

Mark on a piece of paper three points which do not lie on the same 
line and draw the three line segments Joining them. Your drawing may 
look like the one on the following page. 
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We call this figure a fr iangle . We Scjy thcvt 1he trionyle is mdde up 

of the union of the three I i ni^ segments. Wo ean also say lPiat a tr iangle 

Is a sUiiple closed path. 

Notice as you look at the drawing of the triangle that the lino 
segments that make up the triangle divide the plane of your paper into 
three sets of points. The three sets of points are (i) the points on 
the 1 nslde of- the triangle, (1 i ) th^^oints on the triangle, and ( i i i ) 
the points on the outside of the triangle. 

Study the figures below and see If you can identify the points 
which are on the Inside , the points which are on the outside and the 
points which are on^ each of the simple closed paths. 






^ G 

Figure I Figure II Figure III Figure IV 

< 

Point A Is I ns I de figure I, and point B Is on figure I. Point D 
Is Inside figure II wh Me point C Is outs I de figure II. In figure I 1 1 
point G Is on the outs I de , point F .Is on the Ins I de whi le point E Is on 
the figure. In figure IV, point X Is on the outside of the simple 



closed path 



ERIC 



66 



Look dt f|ijuu» 1. Wi; i.jid t tui t tujuru I dividuu t tic pijiic of t tuj 
paper into tiiree seJs --^ ^he set oi all [joints iribid^ tiie triangle, ih*^ 
set of all points on the triangle, «nid 1hie set of all points outside ttie 
1ri*angle. Lot us think about two of ttiese sets together, Itiink about 
the set of a I i points ori^ the tr i angle together wi th the set ot points 
i ns ide 1he triangle. This new set of points Is called a region . Since 
the simple closed [)ath is a triangle we c<i I I the figure a tr I angu I ar 
reg 1 on , 

We may show that we are talking about the triangular region by 
drawing a figure like this one; . * ^ 




If you place a matchbox on a piec^ of paper, yoti can trace three 
different kinds of figures. Your tracings should look something like 
these: 





Top 

« . 

You could, use a took to get the same kind of drawings on a large 
piece of paper. Eacli drawing will be made up of four line segments 
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and toijr f.HKjIes- It .ill tfie oiujlos iHo r U)h t cHU)lor> (squcuo cor nor i> ) 



we call If^e figure a r u^cMI;] le . A f'ectjn(}|tj is a s I mp I u c I osed p<j^n^^ 
llli?_L Is nuuje up _of_ four 1^ r^o sogmont 5 aryc) tour^ sguciro (or^jiB^s . 

Which of the pictures below represents o rectanguldr' region? Can 
you find a circular region? 






(c) 




SectlQn 6-8 Polygons and f^OTygonal Regions 

Cut a triangulaf region out of paper or cardboar^. Your figure 
should look like Figure (1)^ 





Figure (1)^ Figure (2) 

Now cut along a line segment AB as In .Figure (2), The region 

you now have has four edges as In Figure (3). Now cut a Kong a line 

segment CD as In Figure J4). The region you now have hqs five edges 

as^ In FIgure^(5).^ (Figures 3, A, and 5 are shown on the following page*) 



4h 
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Figure (3) ^^Figure (4) f igure Cj) 

This process of cutting the cardboard or paper along line segments 
could.be repeated many times and you would get figures similar to the 
ones shown above: % 

X^u panJs^fe that by cutting along line segments we c^n get plane 
figures with three, four, or five sides. In fact, we could get 
figures with a^ noany sities as y/e might choose. Such figures represent 
polygons . A polygon is a simple closed path made up of line segments . 

The common endpoints arei called vert i ces . (A single common end- 
point is called a vertex.) ,The line segments are called sides . 

Some polygons have names a^ccording l^o the number of sides they 
have. ^ We know already that a 3-sided polygori is called a triangle . - 
A 4-slded polygon is called a quadri lateral . A 5^sided polygon is 

Mark a triangular piece of cardboard and cut it along line segments 
PO and BQ' as shown below on the left. You should get.^ figure like the 
one shown oh the rigfvt, a five-sided polygon different fforn the polygon 
In figure (5) above. . ^ v'^,"* ^ 
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Now^ l«t tis sot* if wt? c<jn d i uvtM flu- w >ys in wMuli llu' twtj 
figures are ditferorit, 

UU)ol 1hc vortico^-> o\ the^ f i r ^ fiour«^ A, (\ t. Or aw I i ne- 

segments whose endpoinis ore on Itio sides ot ligure^ <iv. shown 

A • 





D 

(6) J 7) 

Observe that all- the line segmenis of the f i r fj^ figure lie inside 1he 
polygon. In the second figure some of the line segmenis hove points 
"which are outside the polygon. Polygons like the one shown in\(ig- 
ure (6) are called convex polygons . They haveN-f^ proper^fy that all 
line segments whose endpoints are on the sides of the polygon have no 
points outside the polygon . 

If any line segment whose endpoints are on tfie sides of the polygon 
does have points on the outside of the polygon^ the polygon is called 
a concave polygon . Figure (7) would be an example of a concave polygon. 

You w.i I I remember that when we talked about reg ions we said that 
we were thinking about the union of two sets of points — the set of 
points on the inside of the simple closed path that formed the figure 
and the set of points on the figure * Can you guess what is meant by 
po I y gone! I reg 1 on ? It Is ijhe set of al I points bounded by the simple 
closed path ( all the points (nslde the figure ) and all the points on 
The boundary ( all the points on the' figure ) . 




exercise 6-ti 



(1) Draw two hexagons (six-sidod figures) ABCUlf and f\)RSlU, the first 



one being convex and the second ^ne concave. 




Draw the line segments ^F, BE, BD, RU, RP, and RT (these are 
ca I led d i acjona I s of the polygons) . 

In this way the polygonal regions are subdivided into triangular 



regions whose Interiors do noi^ ov^ lap • 
(2) Draw any polygonal region, convex or concave, and show^how It can 
be subdivided into triangular regions which do not overlap. 

Section 6-9 Circles 

You will nee;j a compass for this part of your work , Mark two points, 
P and Q, on your paper. Using your compass, can you f i nd a point R 
that Is just as far from point P as point Q Is? 

71 



63 



erJc 




f Spirit Q it, Ob 

far from point ^ 
P as point R Is. P 

Can you find threo o1her points 1hat are as far' from P as Q and 
R are? Call them S, T, U. Can you find 1en more? Can you find m^jny 
others? 

With your compass connect all the points In order . The figure 
you have drawn Is called a ci rcle . In drawing the circle we found that 
we had, 

t 

(1) a point, P, called the center of the" circle, and 

(2) a fixed distance between the center, P, and each of the 
points Q, R, S, T, U, that yod found. 

a 

Now we can say that a circle Is the set of all points in a plane 
that are a f I xed ^g^l stance from a given point in the same plane > 

A I I ne segment that has one endpoint as the center of the circle 
and the other endpoint on the circle Is cal led a radi us of the circle. 

r A compass Is a jconver\lent ir>strumen1 for drawfng circle because 
the opening can be adjusted. * . 

In the following work you are sometimes required to use a compass 
to draw only a part of a circle as In the. figure below. 




1 



Wt* c<jll tlwit p.H f of f fu* <.:irc.U) sttown «)s ,1 sv>lid lino ih tfio fi<|Ufo 
^ ' ^ S * ^ ^ <jr Ali > Wt.i iKMtKU i rrK»s usd fluj syinb^.)! Al3 to sliow <i cif- 
rulnr arc, nnd 1[iis i *^ verse] '*arr AlV*. 1 ho o<HL'il[ 9i <m .^(^ i ^; ttu» rcMitor 
of the circle wtiicti contains 1tio ore. 1 tio figure below shows ttuee arcs 
of different sizes and their centers. 




In f igure (a) the arc AO consists of half the circle and is called 
a semi -ci rcu I ar arc or semi rci rc le > In Figure (b) arc AB Is smaller than 
a semi-circle and Figure (c) shows an^S^Tc that Is larger than a semi- 
circle. If we take two points on a circle, such as R and S In the 
Figure (d) below, they determine two arcs of the circle. In Figure (d), 
the arc shown in heavy line is smaller than a semi -circle. The arc 
shown in lighter line Is larger than a semi *-c i rc I e . 




(d) (e) 



The two points R and S may also be chosen so that the fJio arcs 
formed are both seml--'ci rcles as shown In figure (e). 
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L xer cli>e 0-9 

L Use your compass to draw tfuot^ rirrlt>«. ot (JiMori^rit Art* 
ttiosu circh?s p.jttr,? Art* ttu^y Jniph^ [i.Uh^;.? Ar>> tht-^v ("lo'.i^d 
palfis or opon paths? Draw a radius of eac:ti circle. 

2. " Use'^your compass 1o draw a somi i r cu I ar ar ; <hi <u c bnuiMcr thar^ 

a semi -circle; and an ar^c larger than a stMni i r c le . Are liiese 

arcs.fiimple patt>s/ Are tUey t.losed pattislor <.>pen patt>sj* 
i 

3. With your- ruler', mark 1wo points A and U on your paper 1wo i ncf^es 
apart- With an opening that is a litlle rTx_)r e 1tian one inch, use 
your compass to draw 1wo circles, one with center at A and 1he 
other wi1h center at B. Do Hiese two circles ir>tersec1 or cross 
each other? If so, how many limes? Now take an opening that is 

< 

a little less than one inch and draw two circles with centers a1 
A and B as before.. Do these ^^ircles cross each other? 
4* With your ruler iTiark two ptoints R and S that are three inches 

apart on your papers. Tell what opening you would need to set on 
your compass so that - ci-rciles with centers at R and S-would: 

(a) Intersect In two^ points. 

(b) Touch each other In Just one point. 

(c) Not Intersect each ottier at all. 

Section 6-10 Pairs of Line Segments 

To see what pairs of line segments are like, let us look at ^wo 
straight edges > This Is a good place to start because we draw line 
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soymnnts with str«$ijht ^hI^jos. If wt> lnvt» two ot woo^ or tu^<ivy 

cardboard that look like this. 



t^en we have many siraight edges. Hero are two examples of straight 
odcjes : 




t t t 

F i rst s tra i ght 
edge 



T T t 

Second straight ' 
edge 



If we fit the two edges , together , we cou Id get someth I ng M ke th I s : 

Second straight edge 




First straight edge 
We notice that there are no holes where the edges meet. The two edges 
are both straight* Try th i s. yourse I f with two straight edges^ 

If we slide one of the edges along the other until their ends just 
meet, they will look something' like this: 



We see that the edges do not fit exactly. The second edge Is longer 

than the first and the first Is shorter than the second. 

Another way straight edges may fit is like this: 

econd straight • 
edge 
First straight 
edge 
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Can yoi^flnd 1m> straight ochjt^s ttiat fit tfiis woyV Wo say 1tiat 
straight edges sucti as ttiese fit exactly. 1 fie if endpoints fit loyotfier. 



Whenever two straiglit edcjes fit together so 
that endpoints fit endpoinis, we soy they 
f 1 1 exact I y . Wo also say they are ^onqr uen 1 . 
Congruent is another wor d for f i t exad I y . 



Her^ Is a pair of congruenf line se^gmenfs. 



The page can be folded over so that* the segments fit exactly 
after tracing the segments on a sheet of thin paper. 
Here are three line segments. 



B 



T ry it 




We cannot make any two p'f^hese line segments fit together by folding 
the page without tearing the page. How can we tell, if two of them 
are cx>ngruent? For'example, how can we tell if either CD or ER is 
congf^uervt to AB? One way Is to cut AB out of the page and try to 7H 
It to CD and to EF. But Isn't there some other way? Yes, there are 
several* 

One other way, and it Is a good way. Is to make a straight edge 
that fits AB^ and then try to fit the edge to CD and EF. For example, 
take the edge of a piece of paper or the edge of a folded piece of 
paper. Now fit It to AB* Fit one endpoint of the edge at A« 



B 



Your strglght edge 




i tiufi rndfk point on ttiu.o^ltjo \\\<^\ iitb b. U<J I I tiio poirjt you nvir k 

13', and Cdll Hiu efidpoint Itiot fits A, A\ I i ku ttils: 




1 tie pari of ttie straigtrt edgo 1l^at starts at A' and ends at B' is a 
copy of AD. If ttiis copy fits CD il^en AD and CD^ are conciruent . If it 
does not, ttien AB and CI) are not conqf uen1 . 

Try now 1o f i t your edge to CD^ Can you fit it sci*^hat A' fits 
C at the same lime that B' fits D? What do you conclude about AB and CD? 

Now try to fit your edge to LF . Can you fit it so that A' fits E 
at the same time* that D' f i |s F? What do you conclude? 

Here is another quest ioru On a separate piece of paper, draw a 
line segment and a ray like this. 




How would you find a pqint B on the ray AC so that AB is congruent to 
PQ? We want to transfer the segment PQ to the ray AC. 

Make a copy ^f PQ on a straight edge, calling the endpolnts of 
the. copy P' and 0'- Then fit your edge to the ray, with Q' at A. 



is then matched with soim point on tht) t <.\y . If you nu)r K this [)oint 
and calf it U you will havo rTkJd<; <^ lino stHjMHMit All congr utM\t to . Do 
you agree/ Why? 

' We can also use b compass to 1 fans tor to AC^, 

[11 trio compass points to I' and this sels Iho compa^^s. Wi ttiout 

changing this t 1 1 n[\ , pu1 the pin point at A and dr^w an arc 1tiat inter- 
sects the ray. the arc intersects ttie ray at B. (See 1he following 
diagram. ) 




Carry out the .construction with your compass, and compare P'Q^ with 
your new AB. 

Section 6-11 Perpendicular Bisector 

In this section we are going to show you with pictures and with 
words how to construct a very special kind of line segment. To begin 
withy draw a line segment AB In tffe rtilddle of a clean piece of paper* 

A- B 

Then fold the paper so that the two endpolnts are on top Qf each other. 

Press the paper fl^t to make a fold.* Unfold the paper and mark the 

k 

point where the fold cuts AB. Call this point C. What can you say 

c 

about the line segments AC and CB? They are congruent because they 
match each other In foldlpg. They fit exactly ! 



7g 



Credso or fol cJ 



I 
I 



B 



/ 



Since AC and CB are congruent, C is half way between A and B. 
We cal I C the midpoint of AB. 

Let's look at another way of finding 1he midpoint of a line segment 
In the middle of another clean sheet of paper draw a line segment. 



Set your compass, and with E and K as cenlers draw arcs that meet each 
other in two points, like is shown below. 



X 



Be sure to use the same setting of your compass for both arcs. If 
your arcs do not meet, or if they meet at exactly one point. 



E 1 


M 











- « 

then change your compass to a wfder setting, and draw tvyo arcs again. 
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Namt) 1ho poin1'> whore K^e dies nioet 1 druJ W 1 hon draw II' 
I hu f)Oint wruHO 11^ v. ri^si:>os LK, wo will oil 




p 

What can you say about G? Doei It lcx:)k as it 1.0 and GK are conyruent? 

fold your paper along IP. Hold your paper up to the light, po you see 
that LG and (^K fit exactly? They will fit oxad ly if you have done 

your drawing and folding carefully. G is tti^ midpoint of tK because 

f.G and GK are congruent. We say that IP is a bl sector of tK because 
it intersects LK at its midpoint. 

Keeping your paper folded along TP, make another fold, this time 

along^.G, This fold makes a square corner or a ^qht angle at. G* 



d 



Unfold >k)ur paper and look at the creases. Do you see that EG and TG 
make a right angle? What other right ang^les do you see? 

If you have any doubt about where the right angles are in your 
drawing, take a moment to check your observat Ions with a square corner 
made from another piece of paper. 

Whenever two line segments cross and form right angles,, we say that 
the U ne segments are t)erpendlc*u I ar . 

We see that the bisector TP Is perpendicular to EK. For this 
reason, we cal I TP a perpendicular bisector of EK. 

_ Now go back to the piece of paper on which you drew AB. Remember 
,how you folded this paper to find the midpoint C of AB. With A and B 



So 



as centers, use your comp^jbS onco nK>fo to dr^jw tH c :> ttujt nitjut (>dch otfu 
In two points* As bif\ore, nwiko sure^ttwjt you u:,ti tlu; s<3nKj sot ting for 



drawing botti drc*^^ 



B 



Do the points wtieno the arcs meet lie on your told? If y(;u have drawn 
carefully, they will. \ 

Draw a line segnient ttiat joins the two points. Do you see lhat 
It lies righ1 in the fold? The fold you made is the perpendicular 
bisector of AB. ^ 

To make your ideas of b i sector and perpend i cu I ar clearer, study 

6 G 



these three drawings: 

G 




B A 



N 



H 



B 



(c) 



(a) (b) 

» 

(1) In figure Ca) GH is a bisector of AB but is not a perpendicular 
bisector of AB. Also,^B Is a bisector of GH but is not a per- 
pendicular bisector of GH. 

(2) . In figure ip) , GH is a perpendicular bisector of AB. AB does 

not bisect GH^ but does make square corners with GH. 

(3) In (c) each of the two I i ne. segments is a perpendicular bisector 
of the other. 
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V « M t i • .1 • t » I I 

I. Suppose th<it w<> luivo traced <i s 1 1 «n tp(h)t» <hu1 ni^uhi .1 lino stM|in,MH 
I i ke Uw'>: 



ed < 

\ 



B 



It we c:t^cx)se dnothof sir a i gh tedye and tracu it Of^ the same paf^er , 
we stiall have a secoful line ^^njment like ttiat below. 



There ar"e many positions in wtuct^ AB and CD migh1 be dr-awn. We 
can. draw 1t^e 1wo line segments in sucti a way tfiat 1hey have uo 
poif^t in i;ommof^; 1hat Is, they do not i ntersed > 

H -B 




If two line segments have one or more points In common, 1hey are 

said to I ntersect . There are many positions in which the two 

line segments intersect In exactly one point. Here ar^ some examp I 

D 




B 




Crossing 



Touch i ng 



Lined up end to end 



Connected end to end 
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1 



finally there ure poi-ilions In which thoy intersod in more fh.jn 
one po i (>t . 



B 



D A 



D 



Use twa paper, stra i gh todgos to show each of the above positions, 
taryer-we learned that v^hen lino segments cross and are also per- 
penilf_cul4i\ rtiey form rlgVf angl^^s. Line segments can also mal^e 
" 'x\^hVt'9r\^\ as I i ke th I s .o ' 

\ 



I ?' 




^nd to end 



1 ouch i nq 



We now extend our def i n'i t ion of perpendicular to include any two 



I I ne ;5egmen|s that^ fria'ke a rjght angle. 




\ - 



Line segments are perpendi cu I ar if 
the,y make cJne, or mdre right angles* 



Wovi many di fferent right art^es "do you* think two line segrhents , 



can make? 



Heire are some palrs«pf line segments-. U-se one of the followlna 
phrases to-descr'rbq the relationship of each pair: "crossing"/ 



•'Itouching", "^connected, 6nd to end", "lined up end to end", "making 

a rights angle"; "non-intersection"-. Examp I e : Figure (a) 'shows 
. . . • * ' .. • . ■ . 

'two lines cjro5sIng. . • . > * 



] 
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4. Test each pair of line segtnents in Exercise 5 for congr-uence 

5. Draw a ray on piece of paper, and call its Shdpoint T. 



On your ray draw I i ne* segments y ^wi th endpolnts at T, that' are 
congruent to these three line segments? 




Whlch^of these three given segments Is the longest? Which Is 
shortest? (Do not use ftAwru ler. ) 



the 



ERIC 



0. 



\ ^^ t tui picture wliicli follows, fry fo find c\ I i ru» *><M]fiuuif ffiaf is 
pur poiul i cu I oi t)lsH<.foi of XV; of l)| ; of I 




7. Make a paper s t ra I gb todge and b i sec1 it by folding. Bisoc\ ooch 
resulting half of the st r~a i gh ledge In the same way • 

8. Copy oacti of? "these line segments and use a stralgh-fedge and com- 
pa5^s 1o conslruct a perpendicular bisector of eacti copy. 



9. Among the^se line segments, which pairs are congruent pairs? 



N 



wt) \ ch i s t tiH I otujDs t , t ho wox t I oiujtr.. t , t tio iiox t I ofiqob t , and 



forth. 




E 



F G 



When wo coribtrUctocJ perp^id i cu I ar bii>octors with a compass wo made 
sure that we drew the two'^arcs wltti 1he same solting of com- 
pass. Something interesting will happen if you use different 
sellings for the 1 wo arcs. Let*s discover what it is^^ 
Start wi1h a line segment 7\B drawn on a piece of paper- With A ' 
as center, draw ,an arc as shown below. 



\ 



B 



Then change your compass to a smal ler setting and draw an arc 
with center B that Intersects the first arc in two points* Con- 
nect these two points vyith a line segment* What do you see? 
Test your answer with a square corner* Where is the midpoint of 
AB?. • ' 



8i 



I 
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\2. Copy o<Jch of tho-.u I i ru? stujimwi t •, ..wuj f i ru) tfu; mi dpoi n t of your (., 



opy ; 



(b) 



(c) 
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Sect i on ^D- 12 Pairs of L. i fies * * - 

" " .— ' 4 

We. have jus1 studied how I i ne seqmeni s c^jn int^^soct in many dif- 
terent ways. In this sedion we shal l see liow^ 11 nes intersect. 
^ If there are two lines in a plane, tfien (I) they have no point in 

common, or (7) fiave onfe poirnt in comnton, or else (3) are the same I rne. 
To see this, suppose that two lines fiave more than qno point in cormon. 
Choose two of thes^3 common points. Then each of our lines goes through 
these two points. But through two points there is;jusJ: one line. So 

the \two I i nes are the same. ' ^ 

' * * ' * 

After this, when we say "two lines" we sh<^ I mean two 'that bre - 

not the same line. We can now say that: 

•/V 



Given'any two lines in a plane, either 
they do not intersect or they intersect 
at Just one poi nt . # 



If tirt/o lines intersePct, w^ call *the ^lohit where they ir^bersect the 
point of i ntersecti on> ' 



-V 



4* 8 V 
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II two lifu^*. i ri f i»f M)t. f , v/i; i <h) ffy fo fit i\ f i <.)h t ^ifujlo iit t fu) 
i n h^r • .va.. t i un . \ k) «if t lu 0(.> oxjni[) 1 of wlio t wc mi gli t find: ^ 





In each case, we ()ut the tip of 1he square cor'ner' at ttie point of 
i n tof sec t i on . TtM>n we tit ofie siraigtrt edge of 1tie j^^i^or 1o one of- 
1fio straight lines- Now, see wtielher the other s traiflht edcjo f i'is 
1he other strai .qh t I i ne. If it ^oqs, we call ttie two straight I i n^s 
porpencj i cu I ar (just as we did for 11 ne'* segments ) > In example (c) above, 
the 1wo lines are perpendicular. In the other two examples the lines 



are not perpendicular, / 

* ■ — 



Two lines are perpendicular if: 

(a) , they intersect end 

(b) a square corner fits exactly at the 
i ntersection. 



On a piece of paper, draw a line an-d a point on the. line: 



How would you draw a line that is "perpendicular to your line at C? You 
may do t;his by placing square corner in this position. 



suppose that we ore yiveii u lino, <hu1 <i poifit C oof or) tho I i ru? 



How could wo draw anottior line that is porperui i cu I or to the given line 
and goes through C? If we use a square corner it is easy. We fit one 
edge of the square corner 1o the given line,, like this. 




and then s^de the sqi/ire cqrner along the li'ne, (keeping it fitted to 
the line) until the other straight edge of the square Corner ^Comes to 
the g I ven po i nt , , " 




Here we stop and trace the edge that is at the point. This makes ^^Hne 
segment, ; . ' * 




^nd the line segment detenplnes a straight >J Tne which pas^s through C 
and is perpendicular to the Une wltti which we started* 

• ■ .■ '* .... - . 1. ■. 



1 



There Is another way to draw porponcj i cu I ar linos > A I I you neod i s 
a s t ra I ght fedcjo and a compass . ^ 

Start once more with a I i ne and a point C on it. f^ut the point of 

your compass at C and cut the line with an arc on each side ot C. 



(We have let A and D be the names of the points at which the arcs cut 
the «llne*) Now open your compass some jnore, and with A and B as 
centers, draw two more arcs, the way we did when we bisected line seg- 

^^Inents. They Intersect at two polntSj D and E: 



16 





The straight line through D and E Is perpendicular to the given fine, 
1^" at C. Why? ' O ' . ' - 
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\ 



Uu^ro ore stiver. il triirw.)', you ^:.in do \h)ic to convirui? yourstHf ttuit 
u\ is per poruJ 1 (_u I jr to Ar . Oru; r > to r vmumt^xm ttu? w.jy ^ou Uf<ir ruHl to 

con v> t r- u c t p o r- p i> n 0 i c u 1 J r LjJ^.lJ^<^Kj^^vnJj;>_. 1 ho lino soqrm>nt [)[ is porpt?n- 

dicular- to . i nee Dl. onO AH rTvjr.o riqt)t .<)n(jlos, s(; do^l*' ^nd ^ALL 

Anoth er t-hinc) you ^'^<^^\^'*^0_t9.^^^l\jj}^^., your so I t ttid t ^jl^and ^^?Ul*"are 
pvA pond i cu I 0 r _ t o fold, your p.^p er j I c .^nq 01 T If you 1 hon fold you r 



p^er alon.; CA you will hcive nvjdo o pdpor square corner wtiose odyos 
I I o along CA jnd CJC. 

AO t;ave used a straight edqo and compass 1o draw a line perpen- 
dicular* ^^^-'S civen'line tfirouyh a given point, C, on 1tie (^iven line. 

\jw star iy,w I t^ U> 3 I nie ar-p a poin t, C, no1 on tt ie I i ne > . Open your com- 
. *j • ^ 

pass enouc^v^so tnat wfien ye^j f)ut the point at C you can draw an- arc 
that cats t^e lino in two points. Call tfiev.^; two points A and B. 
Ihen, withost changing the setting on your compass, rrv)ke big arcs witti 
A and o as centers. These arcs intersect .jt 1wo poirMs, one of wtnch 
is C i1sel + . The line throuch C and the other [)oin1 will be perpen- 




^ >ou have now seen enough exaniples to understand the difference 
between the line segrrents we draw and the pictures we draw when we 
thin'fr>;^f lines. Line segments are shown by drawings that we make 
with straight edges. Line segtnents have endpoints. If we, draw a line 
segment AB joining two points A and B, 
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B 



WO V .in think of fhr lino |L;oqf^HMW AL oxtondod to lino Ali» Ali i i> just o 
p,)r t ot this lino. Vvo 0)fi j\ot d row jll of tiie lino. When wo draw d 
picture for sof^H.H:)no , tiuMi, how do wo show hini ihat we are Ihinking of 
\\)e I i no "^i^^and not just the segment AL3? We nvike 1tie segrDen t a liltle 
longer , so that it oxtof^ds past A and B, and 1fion put arrow heads on it 
1o sf^ow tfiat we art? Ihinking about 1he enlire.line sucti as we stiow here: 



B 



KofDember also how we made the drawing for" the line through C per- 
pendicular to the given line. We did not draw pictures like t^^® ^^^^^ 
following two examples: : 



T 



What we drew was 'l i ke the following figure which clearly' shows the 
^ intersection of the two lines* 



' II m m 



♦ 
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When wo draw part uf <i \ \ ne iti a (jironK^frir fi(jijfr, w(» tlf<iw ofily 
enouyh 1o show uloarly the ro I d f i on*^h i p of tht> I i ru^ tu tfu^ otfuM |)<jft-. 
of the figure. When we have drawn enou(.]h of tho liru», >*^y. J I 
have drawn t h ne_ , 

Now, Ie1 'us explore another inipc^rtant r e I al i ()n'>[i i () t'uruor n i nq 
I i nes. Two li nes In a plane are parallel if there is anot her s t ra i qh t 
line that is perpendicu lar to each of tiienu Since you know [k)w to dra 
perpendicular lines, it will be easy for you 1o draw parallel lines. 
For example, start with a line like this on a piece of paper: 



Draw a second line that is perper^d i c:u I ar to it ( this is eas i I y dor /e 
with a square corner ) • 



< 


Secor^d 1 i ne . 




Fi rst 


I ne 


♦ 





Then draw a third line that is perpendicular to the second line: 



1 



Thi rd li ne 



Second I i ne 



FI rst 1 1 ne 



1 he first .Kk) thjrd liru-. <uo p«ir<ilh>l '.ifu*^ ♦.tn oru! i piM pt • n.j i . u Lu 

to OiU.t^ of tht^nu 

You c.ari Ju ev(?n rnorti, Ch v(Mi .Hiy I i ru^ .-^{^cJ .U)V [)<)if^t fu.it c^i it y^^^' 

oin find oriuther I i nt^ ttwit is poroMol \o ftu^ (^iv^f^ lino .hu) <hh-, tfwouoh 

■the given point. f^ero is ru)w i hrotJOh tin? iii von poiiU o(v. trin I ,j I i fio 

• W ■ 

i 

pof pond i ou I <ir to 1 ho 9 i vun 1 i no . 



Gi ven I i no 
•9 



•G i von [)0 i n t* 



Se04:)nd I i ne 
_V— £ 



Then construct a third line that is perpendicular to the second line 



at the given point. 


Your 


resu It will look 1 


1 ke this: 
Second line 


• 


Thi rd 


1 i ne 


^""^""^^^ point 










f 


Gi ven 


li ne ^ 
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xerc; i o- 



I. f-ir<-.t, hv v. ight, thtMi t)y u--, iriij a '.qu.ifc c or ikm , ttjst oot.fi uf tfio' 
fol lowi ruj pai rs of strdigfit lines. Which are p^Kdllel? Which 
are perpendicular? 




(b) 



(c) 





In Lxercise I, which pairs af lines do you thin/ are intersecting? 
Remember that we can never draw all of any line; two straight lines 
may intersect although the parts of thorn shown in a drawing may not 
intersect. ' ' 

14- • ' ' 

It IS a fact that two lines in a plane that are parallel cannot 
intersect; therefore: 



4. 



(a) Can two parallel lines in a plane be perpendicular? 

(b) Can two perpendicular lines in a plane be parallel? 

This exercise will lead to a discovery, i^n order to make the dis- 
covery you wil.l have to draw a I ijie that is perpendicular to one 
of. tv/o paral lei lines. This will mean drawi ng a perpendi cu I ar line 
a n^^ber of titnes.. It is more convenient to use your square corner 
instead of your compass for drawing perpendiculars. If you have a 



f< jf u • ij f .11 \ t h,ifi \ I )ij V MM w I i h - 1 11 )n^|i.r.'. iJ t f u i ij^ t imJiH* . ^ Now 

i ■ ) r t hi' v! i '.^.uvtM Y . 

on t;,^ h 1 i Di^ , jru) vjivi^ thoni fMnxv>. '.o tiMt i.)r]o of tht» I i no*> is 1 f ' 

H — ^ ^► 

uuj t ru.^ v)thor is Ifi. lhrouy[\ 1 <Jt <)w <i I i fu? pi.M |H;nd i c:u I tj r t(.) \W 

lie '.ure to iJr^jw tMK)ui}h tins lino to shcjw its i n t (M v:»(:c t i c>n i t h 

Ih. I'dll the poir^t of i n t(K siJO t i on 13. Wi^at do you think is the > 
relotion boTween LH ond I H .-^ Wiic^t do tt^t* corners ot b look*like? 

S ^ « 

N ow Ihr cHl'qh d ra w a line piM pendi cu I or to^lf^ Let F- bcj t fi e nanie 

^ >- 

of the point wiiere tliis line iri1ersecti> IH. • Wtiot do ttie corners 
, ar I- k)ok*l i ke?. 
- ■>tep 3 :' / 

Now told'^^jr paper so 1hat Tf ^ and IH are right on top of each 
o t her- . "This ^ts" B on top of 1 and f- on top of f\ Hold your 
paper up to the light. What do you -b^? 

Do you see that the right angles that you constructed at T fit 



exactly the corner's at B? Do you s6e that the corners at F fit 
exactly with the right angles that you made at P? 
Step 4 : 

Now unfold your papehj and pick any point you l ik^ on^lH* !^ Cal I 
^ i + for ^'yo^r^ point*/. Through Y ^raw a line perpendicular to 



I ■ t I 



I { 
and IP;- Whdt i*. tht* t t uwi^h i p ^0'Kv<^ti t»'i-, fi,»\% I i • in' 



By now you s^ujuld hovi.^ ^,onio vor y ilytiMi t<» t ♦u).. t i^umjI ^vI'. .it 
hopperUj wh<->r^ yOQ Or aw () I i no pt? r [uuu J i v u I ..w t^) on^* twv^ (^.ir.jl l< 

I i ne>b . 



i 



A Mm? that is perpendicular to oru^ c^J ^ 
1wo pijr a I I e 1 • I i nes lo h\\'^o perperij 'cu I ar 
1o the otiuu . 



As you worked your way through [.xercise 4, you ^y have wi,^hod 
for a way to keep t racrk of ang I es ' 1 hat you knevv were r i t ang 1 1 
In the picture be I ow^ you v/iti see t-liat we tiave drawn a Mtlle 
mark, (r or "1 ),'^1n some -of the corners. This little square 
corner is the symbol which we use to-show that two intersecting 
I i n0s are perpendicular. For exarnple, we have put 1his r?^ark at 
I , D, H, and at two bther points to indicale tfyft the lines 
crossing there are perpendicular. 

As you study the picture on the following page, see if you can 
answer these two questions: 

(a) Ij/hich pairs of lines In the> following figure are pairs of 
perpend I cu I ar^l I nes? ^ ^ * ' •> 

(b) Which are pairs of parallel lines? 

Be careflil here!' We haven *t marked a I I the right angles, and 
we haven't drawn all of the intersections. 



9;- 
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A 



• 


x~ 

1 D 


1* ' 


id 


4^ 

t 

I 


^ ^ 


a.^ c 


1 . C 


^ 




'T- X 


■ 4 

> r 




H 

« 


-^m — — ■ ' m : 

L 1 

- 


F- 


K 



(). Do y<au 1hink that 1he tollowiny statement is a ti"Lie statement? 



A 1 ine that - is 


par a Mel to 


qne ot 


1 wo 


paral lei 1 i nes 


i s para Mel 


1o the 


a\ her 


one also. 









Section 6-13 Rays and Angles ' - ^ 

.Now let us investigate pairs of rays in a plane. There are several 

way^ in which a pair of ^ rays may intersect, but one is especially impor- 
«■ 

tant. When two rays have the same endpoIn*t, but no o1her point in 

V 

\ 

common^ we say that 1he two rays make an angle .. Jhat is: 



An angle is a uniqn of two rays that have 
the same endpoint, but no other point In 
common and ai^e not opposite rays. 



Of the three pairs of rays pictured, be low, only the middle pair is an 
arig le. 





If two rays make an angle, we^all also say that they .are connected 
end tQ end « The common endpolnt is called the vertex of the angle, and 
the two rays are the sides or edcjes of the angle. 



9 



6^ 
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' 1 fier e is d special onyle the onu in which a scjudre co( nor tits 
tho sides and the vertex. Wo call it a ricjht anijlc. Her u is an example 




Kemomber, when 1wo rays have their endpoints in common "so tt^at the 

I « 

-endpoint is between the other points of trho two rays (AlTand AC^ 



B 



the rays aresiL^ I J ed oppos i te,raYb . In this book, when we speak of an 
a^ncjle^^ we mean on6 for which the tAo rays are not oppo;site raVs . 



,> >. ' 



^Now%Met's see how we! name angles, S'uppose we havte two liay$^ that 
make an angle, and^ the rays are already named (if they are not, we can ' 
name them). TTie vertex has a letter name / perhaps and the sides bear 



namds like YJ and YS. We could say "the angle YJ and YS'\ This Is 
quite all right, but. we cen be more bri^f. 




. We can also say angle JYS . To be even more brief 'vie can use a I ittle 
mark, ( Z_ ) , to ^em^nc^^us that JYS Is air'angle. We can then, say, "Z.JYS" 
or "Z,SYJ". At times we may wish to)be 'moise br lef and ca M the angle ' 
by a numeral -rather tha^n bV hetters. For example, we may.»wlsh to call 
our angle, Zl I, rather than £^ 



ERIC 
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rather than 



JY$( 



9j; . 



4 

Iho order in which the letter^, are pj«3ced ib no-t important except 
th<^1 the vertex -Ifetter is nomec^, in the middle. It you see ttie syr-bols 
"Z-i!^Q" Of " / QXZ" , ' yc>V^ i I 1 kfiow thot they.ndrrie Uf^ an^Uj wlii cti con- 
sists of the two r ays X2%nd XqT ■ ^ • 

•Just^^as a triangle and a rectarujie have interLgr recfions, so does 
an angle- Look at these three figures: 





What should we regard as the interior of the on? that is an angled 
There are only two natural possibilities 





I nte'rior?! 

Interior? V//7V77///^ / 

^ (a) . . . , 7 

As may have guessed, ex2nple (b) corrrectly Illustrates the interior 
of an Ibngle* Does, this choice have anything |f n common with the interior 
of a tricing 1 0 and the interior of a rectangl^e? (Remember, the r^ctan^ 
gle ^nd tihe J^angle are " glosed" and the angle is " open ", ) All Three 
have sides,, and th.is gives us a common way of forming the Interior: 
draw all lln^ segments that have their endpoints on the sides of the 
f iqure . 




loo 



L xe rc i se 6- I 3 . - 

L Draw^ it possJblo, pair of rays that: 

cJo not intersect.. , . 

(b") do not inter<joct and* are not paralleL (Notl» two rc^ys 

are para I I a I if the 11 rjos of wtii cti 1tiey arb pa^^t are 

para I Ij/! I • ) \ 

% 

(c) intersect af a single point. 

inlersect at a single point and are not an angle. 

(e) intersed a1 exactly two points. 

Cf ) havp in cornrnon a line segment. 

(g) make ^ right angle. ' 

* (h) make an aaq^e but do not Intersect. - ^ ^ 

If, in any of these^ases you think that therp is no such paiV 

give your reasons for thinking so. 

2. Here are three rays, JP, JS, and JF. How many angles can you ' 

name from them? How many right angles do. they make? 

if . 




r 



3. If,* In Exercise 2, you added a -r?^ opposite JS, how marty right 
angles Could you make? 



4. Here are seven rays 



(a) How many ^inglti's do thfise rays make? 





» 

5. s On apiece of tracing paper, copy. the rays»that s^&rf at A. Then 
•shade the Interiors of zi.BAC and of /-DAL. 



Section 6-14 Comparing Angles 



How can ypu tell when ^one angle Js larger than another, 'or whe^ 
two angles have the same size? Sometimes you can tell just by^ looking 



For example, study these angles: 





Yoii would not have any trouble saying which Is targer, would you? But 
now looi^ at these: 
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(a) 



(b) 



Do you think one of them is larger than the other, or would ypu say 
that they have the same size? I f we could t^Asjg them jC loser together 
it would be easier to compare tUjem. In fact, a good way to corrpare 
angles (when you can do it) is to try to put one right on top of the 
other. Nfove the angles together so that the interiors overlap and a 
)side of one angle fits exactly on a side of the other/angle. If we 



did this with the two Angles, ^XYZ and CEFG, as afiowh below. 





they would fit together in one of four ways. Here we see two of the 




Can you .dotermifie tho -other two ways? 

« . * • 

In each ot the ways to oc^nip*aro <jrujlos if is clecir triat the ^interi 

otZ^LhG is contained in the interior otzlxYZ, and that the interior 

ot XYZ is not contained i n 1 he i n toj i or ofZ^LfG. I t s also cloAiS. 

that we want to cons i der ZIlF G as being SLmal ler thara ^'XYZ, and 

XYZ as I arqer than ^LfG. * y 

% 

Whenever wo put twcJ angles toge.ther with thoi'r irJ^teriors overlap- 

i ' 

ping, and with a ray. of one anytle fitted exactly to a ray of th^ other 
angle, one o^ two things happens: 

(d) Jhe other two rays fit exactly , so that the angles 
f I t -exact ly . In this case tho angles hav^ the same 
size and we ca I I them conjqruent . " 




(b) A ray of one angle lies in t^ie Interior of the other 
angle. In this case the angles are not congruerrf. 
One angle Is smal ler . and the other Is larger . 




10. 



Exercise 6-14 



I. topy the drawing below trac:lng it on thin papor. 

.1 n 




/ 



2. 



Before folding your paper, decide which of your angles youthlnk 
Is larger, your copy of I HP or your copy of ^ M^^U^Now check 
your statement by folding. Were you ri^ht? " ■ 

Make a drawing similar to the one above. Be sure to make straight 
line^ and djearly name the points. Now, let a fe'l low -student take 
your drawing and you take his and make the tame comparisons you 
m4de*'in example I. You might like to (\6 several examples like this 



Section 6-15 Angles Made by Lines 

After you read this sectfon you will see that there are countless 
congruent angles all^ about us. 

• f 

On a clean piece of paper, draw two intersecting lines, and call 
their pplnt of intersection T.- 



^ 




The lines make four rays, all starting ^t T. The rays, taken in pairs 
• ■ •■ 

one fr^ each line, nrioke four differe/it angles. Do you see them in your 
drawing? We haVe numbered ours I, 2, 3, ^nd 4. These four angles are 



called the angles mode by 1ho 1mo I i nes > -A side of of tfiose angles 

cx)mes from each I ino* 

^ Angles I and 5 are called verl ical ly opposHe angles because 1hey 
/ have-'a corrmon vertex <^nd because Ihoir rays'are oppi:)slto pairs* 
Do you think that 2 and 4 are vert ical ly oppos i te ? Why? 
Do you think thai I and 3 are conqruent? Do 1hey look congruent? 
*' Try to fit them together by folding your paper* What do you conclude? 
ls>-2 congruent to 4? Test them by folding. What do you say? 

. Vertically opposite angles, are congruent* 

Before working the next set of exercises, let us briefly review 
line segments* If two I i ne segments have a common endpoirY^ the pavr 
\s not an angle , because an angle Is a pai r of rays that have a common 
endpolnt. , But given two line segrrents AB and AC with a common endpoint. 




A 

we can make an angle from them by forming the two rays AB and AC* 




Likewise, when 1wo I 1 ru> * soymont s cross wt? soy thcjt ttioy nuikt^ fcnjr 
angles* ihls^ls s+jown below: 





Crossing line segmenis 



Itio four anc^Ios madn by 
1he crossing lino sogmenl 



If two line segments lie on lines 1hat are parallel, we call the 
line segments .themse I ves parallel. These figures are examples of 
parallel line segments . 




Exercise 6-15 

L What does It mean when we say that two rays are parallel? When 

a ray aiid a line segment are parallel? When a line and a ] I ne • 

segment are parallel? 

♦ 

2. In the picture below, name the vertically opposite angles* 




10/ 



The lino segments below are part of ^ map of Bordersvl I le. Some 
of the streets are named, and others are numbered so that It will 
be easier for you to refer to them when you think about the 
questions* 

(a) How many pairs of perpendicular line segments can you find? 

How many parallel ones? 
(bK^At each Jntersectlon, what angles are congruent? 




Think about where you have seen things that suggest vertically 
opposite angles. Do you know two streets that j^re straight where? 
they cross? If you were to draw a map of your school playground, 
would you have made *any vertically q^fposJte angles? Can you find 
any line segments In your classroom that c^ss each other? 
Look around your classroom for p-arallel and perpendicular line 
segments. For example, look at the windows. Are the sides 
parallel? Do you see any perpendicular 1 thes? 

/ 



Section' 6-16 Alternate Interior A^ncle*^ 

Therejs a famous geometric figure in which congruent angle^^ always 

appear. Let us see if you can discover ttiem , 

* \ . * 

• On a clean , th i n sheet of paper draw two parallel I i ne^ Now^ draw 



a line that cuts across them both as shown belowu 



A line like thns -I s a transversal of the panallel lines. The trans- 
.ver^jl^^ makes four angles with each of the parallel lines. Can you name 
them? Each angle at P is congruent to another angle at P, and each 
angle at Q Is congruent to another angl-e at Q. For ^examp le, ^\ i« — 
congruent to ^8 and congruent to Why ? ( Zl fs vertically 

. opposite zIb and is vertically oDDd^\\eZ^2. ) * Now, do you seo^ny 
* . angle at P that seems to be congruent to an . angle at Q? . Check your- ^ 
^ self by fitting them together b.y folding* ^ . ' 

Here* Is one way. Fohd your paper, so that^CcT I les on: tpp of^^AB^ 

; \ ■ • ' ' V . . ^ . . 
Then your paper, on one sldie> looks like this: 

fold ' •fold 



1 



We have Cdlled. the polr^t where crosses the fold, M. Told the 
paper again to make a square corner a+.M. What seems to appear wher\ 
ybu hold your pap^dr to the light? If you cannot see clearly enough 
through all that paper, unfold your paper and draw the lines more 
heavily.. Then fold^and have another look. What d(j) you conclude about 
Z^l.and/ll4? Do tt}ey appear to be congruent? 

What seems to be true about /L 5 and /.ll Whe^* you. fo I d your ^ 
paper, do they fit exactly? Ar^ andZ2 congruent? 

Do you see that the four angles we have, been talking about, 
y^'Sj y^4, and , are the only angles In the picture that have an 
edge containing PQ? These four angles are called the Interior angles 
formed by the transversal and the parallel lines. and^2 are * 

called alternate Inter i or angles . I and Z^A are also alternate 

w — " ' ■ 

interior angles . These are shown, In the following examples: 





Alternate Interior angles Alternate Interior angles 

Do you see that alternate Interior angles have different vertices? 
Notice also that the Interiors of alternate Interior angles lie on - 
opposite sides of the transversal. 



Alternate interior angles, formed by 
a transversal crossing two parallel 
lines, are congruent. 



lExerclse 6-16 

I. Here Is a picture of a transversal crossing two parallel lines. 

(a) *t)se youf» knywiedge of vert ical ly ^pposl to angles, and of 
^ ;;^Jl'^ernate Interior angles^ to na|7)e all the angles congruent 



to ZhbR. 



(b) What.angles are congruent to Z^L^QN? , \ 




2. 



On tracing paper rnaKe a copy Qf the figure which follows. Shade 
the Interiors of the alternate Interior angles marked with arcs. 




3. Look at the diagram of certain ^(j^et IntersecHons In the city 
of El Paso. The angles j[ormed by the streets have been numbered, 
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Moke a list of the congruent angles formed In the diagram. 

t 

Sect ton 6-17 Using a Comfipss to Compare Ami I eg 

By now you know what angles are, and how linos and lind segments 

mafce angles* You $fl^o know how to compare angles bn paper whe.o^ye 

you can fold ^ne on top of the other. You*have used this method of 
comparison to look at angles made by crossing lines In figure^ such . 
as the fol lowl ng: , 





Your" study of figures such as those above led you to Identify congruent 
ingles made by objects In the ^orjd around you. 

But what about angles which cannot^, be moved about?' How are you 
going to compare them? 

\ 

Do you remember how we compared line segments? We made a copy 
of one and c6mpared the copy with the other. If we could makd copies 
of angles, -then we could compare one angle with another by com(^artng . 



a copy of I t wi1h "the othor. Then, Instead of saying thai 1wo angles 
^are congruent If they fit toyefher exactly, could say. 



Iwo angles are congruenf If a copy of 
either, one 1 1 ts thc^ other exactly. 



We cou Id a I so say ^ 



One angle Is larger (or smaller) than 
another If a copy of It Is larger* (or 
smafler) than the other^ 



How^ then^ might we copy.anples ? ^ 

Some angles are very easy to copy* Right angles are, for example. 
Any two right anqtes are conqruant^ Do you agree? *^ 

One way Is to put thin pgper over the angle and copy the angle 
onto the paper by tracing. Ajjiother way ^ls^ ^^^t a. mode I of the angle 
from a sheet of paper. Hgre Is anothern way which you might like evQn 

t)etter. * 

Let us each start with an angle drawn on a piece of 'paper. Ours y 

looks I Ike this: 




Yours may look dlffjer^nt, but thgt does not matter, because we are going 
to show you with pictures and with words how to copy your angle • Start 



with your ar>glo BAC on *) plot:o of pjpor / <uul ofi <Hioth(H i oc n o1 p.}\u 
draw a ray: * • 



. V 

Now, let's see how we construct an angle which Is congruent 



tdZ 



BAC 



' and has DE as' one sT de 



. Take your compass and with vertex A as center, draw an afc that 

^ w t / 1 

cuts both AB^and ACT 




(We have 6al led the pcilnts where the arc cuts the raysf P and Q.) 
Leaving your compass unchanged, put the point af D and draw' an arc 
thdt cuts DeT. You should draw this arc longei^ than ^the one that 
cuts ZTbAC. . , ♦ * 




E ^ 



A. 



Returning tOidliAC^ sot your c^jK^as,:; so thai one point .fits on H a1 
the sajpo timo that 1ho o^ther 1 I ts on Q . ^O^gPlf i 1 hou 1 changing this setting, 
pi/t 1he pin point at H and draw an ar r that cuts 1he first <^rc you drew 
1here» Call 1he point of intersection Y, if you like, arid draw 1he " 
ray DV^ . 




If you have "done your work correct I y your new angle, YDR , Is congruent 
to Z^BAC^ / " 

Now that we can copy angles, the tol lowing observation can be 

■ / 

made at^out comparing their s^zes: • 



The size of two angles can be compared by 
matching one with a copy of * the other^. 
Since the copy can be moved about we simply 
observe what happens when we try to fit It 
to the^ther angle/ 



Exercise 6-17 

!• At the beginning of Section 6^14 we look-ed at two angles th^t are 
.difficult to compare by sight- Trace one of them n6w on^thln 

paper and compare It with the other. What do you conclude? 
2* By si gilt csr^ly, 1 1st the ang les named on the next page In the ordqr 

of their slzes^ beginning with the largest. 





Draw a ray, and on It construct an angle congruent to Z!!^BAC 

of Exercise 2, above. On the same ray, construct another anglie, 

% 

.this one pongruent to ^IHJ of Exercise 2. Which of these. two 
angles Is larger? ^ 

. Copy the f o How 1 ng. angle, Z^TbAc) on a piece of thin paper. Ot^ 
another piece of paper, draw a ray with endpoint D and use your 

^.compass to construct an angle congruent toZ^BAC and having 

your ray as one side. Put your thin paper copy over the compass 
copy , (and compare them. Does The thin paper copy give you a way 
to show that the compass copy and j^BAC are congrjjent? 



B 



Compare the fojlbwlng' angles using any of the methods^we have dli 
cussed. What are your conclusions? 




(e) 



Section 6-18 Bisecting an Angle • ) ' ^ 

Another Important construction with angles Is called bisection . 

4 

We bisect an angle (by^d^i victing It Into^ ^o congruent angles . Remember^ ^ 
we bisected a line segment by dividing It Into two segments that wdre 
congruent. ' t 

To bisect the af|gle BAG, 




we find a ray, tl^at lies In the Interior ofZ-BAC In such a way that 
ZIbAM andZ.CAM are congruent* . • 



Ihls Is how WG do it. With ttie point A center, draw an ar.c 



that cuts both AB and AC* In the picture below, K cjnd G are ttie 
ndmes of the points dt wMch thearc c^ts the rays. 




with the same setting, and with F and G as centers, make^^i 



4 



wo more 



ar^cs that Intersect away from A^^ as shown In the figure tha^ follows. 




» c 

Now, let M be the po'j|(t of - 1 ntersect Ion of these two arcs, and draw 
the ray AmT 




\lf you fold your pa(|dr al,ong AM^ you will find that AC* fits exactly on 
«AB^ Try It^ Do you see that Z. BAM and Z> CAM are congruent? AM* I s the 



b 1 sector of Z. BAC . We have b I secte d /- BAC . 



I. 



110 



,1 



}■ \ 



Exercise 6-18 

* - ^ 

L In the two figures below^ tell how you would use paper folding to 

• compare Z_AtB and Z_CT B/ If they are congrueni, how wou I d you 



know? If thly are not congrueni , t^ow would you Identify 1he 



lai^ger on6? 



m * 





2. Draw three angles on your paper and bisect each. Test each 
bls^tlon by paper folding. 

3. EarHer, when we discussed angle bisection, we used the same 
setj^lng of the compass for rttie- two%ntersect I ng arcs. Would our 

..^drawing have been affected h^ we changed the setting before we 
dF«y thB tWo I ntersectlong arcb? Let^s see what happens . 

On a piece of paper, draw two points > labellng^one f and the 
other G. Set your compass, and* draw, two Intersecting arcs, one 
with center F and one wlth^center G. Change the setting ^ and on 
the same side of F and G draw two more Intersecting arcs. So far, 
you have something like this: 



lib 



Ill 



Horn, by charujifiy tho buttiiuj ^uverul nx^ro timas^ add somu mofu 
pairb of arcs lo^your pi dure. Whcjt pattern do you see? Draw 
some pai r s of arc^ on the ot^ier sidQ,;pf F and G > What happens? 
Can you rake any conclusions about the way we rnade our bisector? 
Did we need the same setting for al I three arcs? 

Review Exercise 6-19 ' 

' ■ — ' %' 

I.. How many different lines may contain: 

(a) One certain point? 

(b) A certain pair of points? 

2. How many different planes may contain: 

(a) One certain point? * 

^\ 

(b) A certain pair of points? 
^^T^) A certain set of three points? 

3. * Draw a picture of two simple closed paths whose intersection Is 

exactly two points^ How many simple closed paths are shown In 

^our figure? 
4* DescVibe the region between curve M 

and curve N in terms of ^intersection, 

interior^ and exterior. 
5e Draw two triangles whose intersection Is a side of each. Is the 

union of the other sides of both triangles a simple closed path? 

How many simple closed paths are represented in your figure? 
6. (a) Draw AE on your paper.* 

(b) Draw a circle with ce'nter at A and AE as a 
radius. Call the circle C. j|« 




ERLC 
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(c) Is a radius ot a circle part ot tfie circle? -Why? 

(d) Draw a diameter ot your circle. Is a diameter of a circle 
part of the circle? 

7. Draw a circle with a center marked A and a radius AE.. 

Can you Imagine another circle with cejiter E and radius AE? 
Is there more than one such circle? 

8. Imagine two circles, ^ 

. (a.) Do. they tiave to be in ^^he same plane? 

(b) Could their Intersection be the empty set?^ 

(c) Could they Intersect In exactly one point? Show hov^*^^ 

•m 

(d) Could they Intersect In exac*My two points? Show how. 

(e) Could they Intersect in exactly three points? Show h^. 

(f) Could they^ I ntersect* In more than three points? 

9. Copy each of the following tr i ang les^ usi n^ a compass and straight 
edge. 





K , 





/ . 
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10. Construct a triangle using the lengths of the given* line segments 
for the lengths of^he sides of the tr^nglo. Are all the con- 



structions possible? 



(b) 



(c) 



(d.) 





\\. ' (a) Trace angle RST» Choose a point 
In the Interior of angle RST- 
Call this poln4^, W. Draw SwT 

(b) Conpare the size of zlRST with ^ 
the size 

(c) Compare the size of^tf^^RST with 
the size of ^WST. 

1/ in the Interior ofZ 2YX, place a point N near 2 and draw YN. 
Fold along TRt Which has the Urger'size, *^XYN or -j^NYZ? 




4^ 



ERIC 
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Chapter 7: 
Tactors and Ptimes 



' . • ^ 



Section 7-1 Natural Nucnbers and Whole Numbers 

In Chapter 3 you learnW^-that the sat of 'tounting nuTI)b|k^s 

{I, 2p 3, } is also called^ the set of yiatura I numbers , ff we include 

the number zero In this set, we have another set of numbers 'which we 



have called the set of whole numbers. 


You have learned that 


the 


set 


of whole 


numbers may be written asW = 


{0,. U 2, 3, 








Set of"\afural Numbers 


N - {I, 2, 3, ...} 






t 


Set of Wh<j^e Numbers 


W - {0, 1,2, 5, 






In this chapter we shal 1 study on 


ly the natural numbers 


Therefore, 


every time we use the word "number" in 


this chapter we shall 


mean 


natural 


number. 




* 






i 

Exercise 


7-1 ^ 








1. How 


does the set of natural numbers differ from^the set 


of whole 


nurn|t)ers? 








2. Wtet 


Is the Intersection of N and 


w?- 




✓ 


. 3. What 


js the union of N, and W? 









4. What Is the smal lest natural number? 

5. What Is the smaTl est whole number? 

6# If [ Is added to^any natural number, the sum Is another natural . 

nMn*)er* With this fact could you convince a friend that there Is 
^ no largest natural number? 
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7* Think about these two sets: (a) (pages in every bcK)k ever printed} 

and (b) {natural numbers)* Which set has more elements? 

\ 

8. Let represent a wht)le number. Can we a^lways say that w repre- 
sents a natural number? Why? 



Section 1-2 Fac tors and Divisors 

■ — »' ' 

We need to review two words in our mathematics vocabvilarv. The 



words are factor and d i v i sor . Look careful ly at the f o I lowing 

6 = 3 • 2 5 and 2 are factors of 6. 
15=5-5 
10 = 10 • I 



examp I es 

4 



5 and 5 are factors of 15 

< 



10 and I are factors of 10. 



We looK again at. the factors of 6, 10, and 15 just shown: 



_5 
2)6 
6 

remainder 0 



_2_ 
5)6 
6 

remainder 0 



5 . 



5)15 
15 

remainder 0 



l_ 

10)10 

remainder 0 



10 



5)15 
15 

remainder 0 



d ) 10 

_I0_ 

remainder 0 



When 6 is divided by 2 or 3, the remainder is zero. 
2^ and 3> are ca I led divisors (exact divisors ) of 6 • 

When 15 Is divided by 3 or 5/, the remal ader ^i s "zero. 



li v)s^( 



3 and 5 are divrSsors (exact divisors) of 15* 



When 10 is divided by I or 10.; the ramai nd^r .|S' zero. 
I and 10 are dl visors, (exact (divisors) of 10, 



In n\othumat i ci* the wor f tor aiul J i vi i>of wo<\n tdo sorrx) thifiy* 
56 = 8 • 7 8 and 7 are factors of 56 • 

8 and. 7 are also divisors of 36 since 



_J3 
7)56 

r = 0 



and 



8)56 
56 
r = 0 



We know that 4 Is a factor of 12 since 12 4 • 5. Also^ 4 Is a divisor 
of 12 since 12 divided by 4 equals 3 with remalnder^O* 



I f a^, b^, and n 
n = a • b, then a 
or divisors of n. 




ural numbers such that 
are . ca I I ed factors 



Example: If 21 - 3 • 1, then 3 and 7 are 
t^ctors or dl visors of 21 . 



Exercise 7-2(q) 

Note : Exercises I through 5 refer to tTfe definition shown above. 

U a = 56, a = 8. The missing factor b Is . 

2. n = 24, b « 3. The missing divisor a Is • 



3. n = 30. One pair of factors, a and b. Is 15 . b = 

^4. n ^ 30. Another pair of divisors, a and b, fs a • 

* » • * . 

b = . , ' 

5. n = 30. Another pair of factors, a and b. Is a = 

b = . 

Circle the numbers from I to 12 which are factors of the numbers 
given, (a) has been done for you. 



^9 



a. 


8: 


0 




1 3 


© 


5 


6 


7 




9 


10 . 


II 12 


b. 


12: 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


1 1 12 


c. 


15: 


'1 


2 


3 


' 4 




6 


7 


8 


9 


10 


It 12 




21: 


1 


2 


3 


4 


5 


6 


7 


6 


9 


10 


II 12 



1 o 
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(). ((jontinuod from prtuoditu) p^ujo ) 

©. •2l^l2« 34 56 7 89 10 II 12 
f . 23: I 2. 3 4 5 6 7 8 9 -10 I I 12 

7. ClrcTe the numbers to the right which have the numbers on 1he Ie.f1 



as 


divisors. 




has been done for 


you. 






a. 
/ 


2: 


© 


5 


7 


@ 


® 


51 


® 


63 


b. 


3: 


6 


1 1 


3 


21 


26 


80 


33 




c. 


4: 


12 


7 


6 


13 


16 


28 


52 


41 


d. 


5: 


20 


16 


30 


22 


5 


51 


34 


60 


e. 


6: 


16 


24 


42 


7 


9 


15 


6 


48 


f . 


7: 


63 


22 


28 


21 


15 


14 


18 


49 


g- 


8; 


8 


9 


56 


24 




21 


64 


15 


h. 


9: 


72 


45 


16 


N2I 




29 


36 


-77 


i. 


1 : 


21 


- 3 


6 


1 1 


13 


17 


9 


2 



8. Write each of the following numbers as a product of 2 factors,, 
each different from I, if possible: * 

a. 12 = 4 * 3 f.- 55 = 

■ 9. 39= 

_j_ • ■ h. 42 = 7 • 6 « 

I. 41.= 

' J. 50= 



b. 
c. 
d. 
e. 



36 = _ 

7 = 7_ 

8 = _ 
II = 



It Is sometimes useful to be able to find all the factors of a - 
given number. For example, the set of all factors of 6 Is {I, 2, 3, 6}. 



/ 



126 
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difficult to find. Let us see if we can discover an easy wciy to find 
1he, factors of a number. Tor example, let us find all the factors of 
36. 

a. .Star^t with I. Is I a factor of 36? ans. Then I 

times some number equals 56. Wfiat is that number? ans. 



b. 1 ry 2. I a factor of 56? ans. If^en 2 times some 

number equals 36* What is that Jiumber? ans. ^ Then 

2 • = 36 . " 

c. Try 3. Is 3 a factor of 36? ans. Then 3 times some 

number equals 36. What is that niimber? ans. Then 

3 • = 36 . 

d. Try 4- 's 4 a factor of 36? ans. _^ Then 4 times some 

number equals 36. What is that number? ans. Then 

4 . = 36. . 

e. Do you need to try 5? [Numbers which have 5 as a factor 
always end In 0 or 5. J .36 ends in a t, so 5 Is not a factor 
of 36. ' \ 

f . Try 6. Is 6 a factor of 36? ans. Then 6 times some 

number equals 36. What Is that number?, ans* Then 

s 6 . - 36. 

g. We know 7 I s not a factor of 36 because 5 • 7 = 35 and 
^ 6 . 7 = 42. 

h. We know. 8 Is not a factor of 36 -because 4 • 8 = 32 and 

! 5 . 8 = 40. . ' 

r 

» I 

\. Do you need to try 9? why or why not? (Hint: See question d.) 



12, 



lie 



You *khou Id (tow be f t^culy to 1 i b t Uit^ bt^ t o< t^u lor V) 



2 3 



1 
12 



1 

18 



36 1 



\ 



t « i 

Notice t|^ot the arrows show you every way ot 
naming 36 as a f)roduct expression oi two factor s^ 
We see that the factors of a given numbof come in pairs of 
different factors (except for cases M ke ^56 = 6 • 0 or other squares 
like 4, 9, 16, etc-). When we f i nd^ne factor we usually find two 
factors. This fact helps us find factors quickly. We shall learn 
other facts later which will make the task eyon easier* 

\. Explain In your own words what the following words mean: natural 
^ riumber, factor, whole number, divisor. 



Number 




Set of FactoHF 


Number xjf 
Factor^ 


Number 


Set of Factors 


Number of 
Factors 


1 


{|} 


1 


13 




r 


2 


{|, 2} 


2 


14 


{ 1 , 2, 7, 14} 


4 


3 






15 






4 


- {1, 2, 4} 


3 


16 






5 






17 






6 






18 






V 

% 


{1, 7} 


• 

2 


19 






8 






20 






9 






21 


■# 




10 * 


{1, 2, 5, IQ} 


"4 . 


22 






i 1 






23 






12 




— . r—- 


^24 







TriM) or Falso? "It a <)nd t) (Uv. natural numtuM s «<n(1 i*» h;s"» th.in 

b^^ then has fewer factors than b." 1 ho c:har t in Lxercise ? will 

help you with your answer, 

4* Can you find a number which is containod in every set of factors. 

* 

5* Find the factors of the numbers listed; 21, 50, 36, 42, 46, 

• 

Section 7-3 Prime Numbers and Composite Numbers 

The set of factors of 2 is II, 21. Also, 1he set of f.i^grb of 3 
Is {I, 3}, and the set of factors of 5 '{^t'XK* 5} • The set of factors of 
4 Is {I, 2, 4}, and the set of factors of 6 is {I, 2, 3, 6}. Let us 
make a list of sets of factors of some more numbers: 

. 7} \ . 



.2. 4, 8 } 



. 3. 9 } 



. 2, 5, 10 } 



1} 



Set of factors of 7 is { 

Set of factors of 8 is t 

Set of factors of ^ is { 

Set of factors of 10 is { 

Set of factor^ of I I is { 

Set of fact<<rs of I Is { I } 

We see that some numbers have only two factors, the number 1 tse I f 

and I , while other numbers have more than two factors. A nurnber which 

has exactly two different factors, the number itsetf and the number one. 

Is called a prima number . Check to see that the fi,rst ten prime numbers 

1 

are 2, 3, 5.1. IL I3> 17. 19. 23. 29 > You may want to consul t prob- 
lem 2 In Exercises 7-2(b). Let us consider the prime number 13. Look 
at a group 13 circles. 



12 



o o o o o o 
o 

o o o o o o 

Try to see If there Is any way you can divide the circles Into 
groups of equal size. (Other than I group of 13 circles or 13 groups 
with I circle In each group) Do you see that^ a pTIme number, of objects 
can not be *'spllt up evenly" ? This Is another way of saying that a 
prime number has no factors other than Itself and one* 

V 

Thosyfe numbers that have more than two different factors are called 
composite numbers . The set of the first fWe composite numbers Is 
{4, 6, 8, 9, 10}. Can you list the next^flve composite numbers? 

What can we say about the number I? We notice that I Is rjelther 

in the set of prime numbers, nor In the set of composite numbers • The 
t 

set of ' factors of I Is simply {I }. Hence the number I Is not prime, 

o 

and It Is not composite. 

In our discussion above we have put the natural numbers Into three 
different sets: the set of pri me numbers, the set of compos i te numbers, 
and the set consisting of the number I * 



1. A naturah number which has exactly two 
different factors. Itself and I, Is 
cal led a prime number . 

2. A natural number which hgs more than 
two different factors Is called a 
compos I te number . 

3. The number I Is neither composite nor 
^ prime. 



7 



A Whole Numbers)^ 



.{Natural Numbers) 



{•<? } 




{1} ' 

\ 

{Prime Numbers} 
{flomposlte Numbers} 
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A method tor finding tho prime numbers loss ttian any given number 
was suygested by a Greek mathematician named Lratosthonus i'Zlbl ~ t95? B.C.) 



One 


way of 


• describinq ihe method Is as 


fol 


1 ows 












1 . 


Wr i te a.1 1 


natura 1 


numbers from 2 


to 


a gl ven 


number (here , 1 00 ) 






SIEVE OF 


ERATOSTHENES (Era-toss- 


» 

tho- 


knees ) 




J ■ 




□ 


2 




4 


5 6 




' 7. 


a 


9 


10 




1 1 


12 


1 5 


14 


15 16 




17 


18 


19 


20 


• 


21 


22 


23 


24 


25 26 




27 


28 


29 


30 




31 


32 


35 


54 


55 56 




57 


38 


59 


40 




41 


42 


43 


44 


45 46 




47 


48 


49 


50 




5.1 


52 


53 


54 


55 56 




57 


58 


59 


60 




61 


62 


63 


64 


65 66 




67 


68 


69 


70 




71 


72 


73 


74 


75 76 




77 


78 


79 


80 




81 


82 


83 


84 


85 86 




87 


88 


89 


90 




91 


92 


93 


94 


95 96 




97 


98 


99 


100 






2. 


Circle 2. 


Now cross out al 1 


numbers 


wifli 2 


as a 


factor 


which 






are greater than 


2. That Is, 


4, 


6, 


8^ • • • 










3. 


Circle 3. 


-Now cross out al 1 


numbers 


with 3 


as a 


factor 


which 






are greater than 


3.x That Is, 


6, 


9, 


• • • 









4. The dumber 4 and all numbers wfth 4 as a factor have been 
crossed out. Why? 



5-. Circle 5. Now cross out all numbers greater than 5 which have 
5 as a factor. That Is, 10, J 5, ... 



y ■ ■ I3l ■ 
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Circle /. Now croiis out all nunibof i. with / fai^.toi Wfii ch 
are greater than 7* That is, 14, 21, 28, ... 
Circle IW Cross out all numbers with II as a factor which 
are greater than II. That Is, 22, 33, 44, ... 
a. Did you cross out any new numbers when you considered 
numbers which have I I as a factor? ans. 



Why? 



8. Continue In this manner. After a number has been circled 

« 

cross out all numbers greater than the. number which have It 
as a factor. Then <cl rcle ^he next number which has not been 
crossed out In any previous steps. Such a number has no 
factors smaller than Itself, except 1. Hence, each of the 



circled numbers Is a prime number. 



This process Is sometimes called the Sieve of Eratosthenes . Do 
you know what the word "sieve" means? Can you explain why. It was chosen 
to descrl be jth Is process-? 



Primes 

{2, 3, 5, 7, II, ...} 




1,275,643,137 



Compos I tes 

{4, 6, 8, 9, 10, ...} 



Let us look again at *h© Sieve. Five of^ttj^^en columns were 
crossed out In the discussion of the number 2, that Is, one half of the 



l3s 



nu'^rers '^ere^ave as a ^actor. it is useful to renumber th^t 
axcect fcr 2, orine nunbers nust end In I, '5, , 7, or 9, 



) 



A nat^al number which has ? as a factor is 
C3 1 led an even number , One which does not 
have 2 as a factor is called an odd number. 



^ive o- the ten columns are made up entirely of even- numbers • Five 



of the ten columns are made up entirely of odd numbers. When we li^t 
the numbers in natural order, I, 2, 3, 4, 5, 6, 7, 8/ etc., we see that 
after each odd number comes an even number. And after each even number 
comes a n o<jd n umbe r . ^ 

Exerc i se 7-3 

I. Give 5 examples of each of the following types of numbers: 
a- prime ^ 

b . compos i te ^ . 

c. even ^ ' 

d- odd 1 



2. List the first 15 prime numbers. 

3. A = {evQn numbers}, B = {odd numbers}, C = {prime numbers}, 
D = {composite numbers}, E = {numbers with 3 as a factor}. 
Find the f'S II owing sets and desc/lbe them as simply as you can. 

a. An B e. D u C 

b. A U B f . A n C 

c. C n E ^ g. BO E 

> 

. d. D n c h. B n c__ 
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Cross out the word which does not apply. 

a. It seems that the product of an odd number and even number 
Is always an odd ^ even number. 

b. The product of two primes Is never a pr I me > tompos I te number^ 

c. It seems that the sulnfi of two even numbers Is ali^i^s an odd » 
even number. 

d. It seelris that thQ sum of two odd numbers Is always an odd > 
even number. 



e. It seems that the product of two odd numbers Is always an 
odd ^ even number. 

f. If n^ Is a prime number l^rjjjj^^han 2, then n^ Is an odhd, 
even number. 



.We notice that 4=2+2 10 =3+7 

f 

6=3+3 12=5+7 
8=3+5^ 14=3+11 
We se© that crt't the even, numbers greater than 2 and le^^than,.or ' 
equal to 14 can be written as the sum of two prime numbers. Extend 
this list to Include all even- numbers less tKan or equal to 32. 
16 = ' ^ * 22 = 28 = 



18 = 24 = 30 = 

20 = 26 = 32 = 



Do you think that ©very even number greater than 2 can be expressed 
as the sjfim of two primes? 

Find two numbers which have 5 as a factor. Add the numbers together- 
Does^ the sum have 5 as a factor? Repeat this using 4, 7, II, 12 
Instead of 5. Put Into your own words a rule which seems to be 
present • ' 



ooctluii / -4 I'tlniu lui-toi 1 t i uii ot Nut ut a 1 Numl 'oi 



C(5mposite 

jJMBER 





> 



Look at the following products of pr in)e fadofs. Check the 

mu 1 1 i p I i cat i on. 

12 = 2 • 2 ♦ 3 154 = 2 ♦ 7 • I I 

30 =2- 3-3 ^ 80=2-2-2-2-5 

When a number has been written as a product of pr i me numbers, we say 

that we have found t^e prime factorization of. that number, or that the 

number has been written as a product of prime factors . What numbers 

i 

have been factored into pr;hne factors below? 

= 2 ♦ I I • 13 = 3 ♦ 5 • 5 • 19 



= 41 • 43 = 17 • 29 • 5 



'Can you find the prime factorizations of these numbers? 
80 = 63 = 



84 = 29 = 



Did you have trouble factoring 29 Into a product of primes? Of course, 

c 

you found -that 29 Is already a prime number. When we talk about the 
prime factorlzatlon'of *^number, we shall mean a composite n umber » 
Prime factorization can bemused to find all the factors of a- 
number quickly* The set of factors of 30 Is {I, 2, 3, 5, 6, 10/ 15, ^} 




Uo you agreo.^ Write .50 as a product ot primo*^ and then check your 
result with the explanation which follows* 

I 30 = 2 • 3 • 5 Factors with one prime, 2, 3, 5 

30 = ' j Factors with 2 primes, 6, 10, 15 

10 

A I I factors have been found except I and 30. But any number always has 
itself and one as factors. We have found all of the factors of 30. 

The factors of 36 are {I, 2, 3, 4, 6, 9, 12, 18, 36}. We shall 
find all but I and 56 by the method above. 56 = 2 • 2 • 3 • 3*- 

I ; ' 

36 = 2 • ^ • 5 • 5 Factors with one prime, 2, 3 



36 = 2 • ^ • J • 3 Factors with 2 primes, 4, 6, 9 

36 = 2 • 2 - W • 3 Factors with 3 prlires, 12, 18 



ExeX ^^se 7-4 

^ 

\. Find the prime factorization of each^f the following composite 
numbers: 15, 16, 18, 20, 36, 48, 82, 154, 221. 

2. Factor completely Into a product of primes: 9, 12, 21, 24, 30, 42, 
108, 125, 1,015. 

3. Find the set of factors of 125, 18, 24^ 108, and 1,015 by the 
method which Ijses prime factorizations. The prime factorizations, 
were found In problems I and 2 of, this exercise. 



Section 7-S Kepodted fcn.toriru]: I tio f uru1<Mm?n t u I ]htK)rom of Afithm i>tic 
Every composite number Is the product of smaller numbers. If one 
of these numbers is composite, then it also is the product of smaller 
numbers. If we continue this^ we must come to a product expression in 
which no number is composite and every factor Is prime . We have then 
found the prime factorization ©f the composite number. 

^Let us take a closer look at prime factorizations of composite 

a- 

numbers. Study the following: 

50 = 6- 5 50 =10-5 .50 = 2-15 

^ = (5 . 2) • 5 = (2 • 5) • 5 , ■= 2 • (3 • 5) 

= 5- 2- 5 =2 - 5 - 3 =2-3-5 

It seems that no matter "how" we beqi n to factor 30 Into prime factors, 
we end with the same factorization. The following "factor trees'* may 
help you understand the examples above. 



50 30 50 




Note that only prime factor^ are circled ^ 

Let's use "factor trees'* on 24 to factor , It Into prime factors* 




Which primes occur In the factorization of 24? 
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The fact that we obtain the same prime fdctors for 74 (or for 30) 
no matter how we carry out the factorization is an example of what is 
^ known as the Fundament a I Theorem of Ari thmet 1 Stated simply. It says: 



Ever^' compos I te number can be factored as a 
product of prime numbers ^n exactly one way, 
except for the order of the factorfc. 



Exercise 7-5 

Make copies of the following factor trees and find the missing numbers 



I. 







5. 



81 
/\ 





7, Make three different factor trees for 42. 

8. Make four (different factor trees for 36. 

9* Make as many factor trees for 60 as you can. 

10. Factor the following Into primes by any method you wish 

a. 10 

b. 15 



i3s 



d. 100 



e. 28 



f. 16 



\ 



81 



I. 75 



• r , ■ 

Section 7-6 Greatest Conrxjn Factor (GCF ) * 

A number which divides two or more numbers Is called a common 
factor of these numbers. For example, 2 divides 10 and 2 divides I2» 
So 2 Is a cofwnon factor of 10 and 12. Generally, the greatest common, 
factor Is more useful In mathematics than other common factors. There 
fore, we need to know how to find the greatest common factor. 

Let*s try an example. . 

A = {factors of 12} = {I, 2, 3, 4, 6, 12} ^ ' 



B = i^factor^ of 18} = {I, 2, 3, .6, 9, 18}. 




l3o 



\ 

V 
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An n - (cAmrKM) f<uf(.)r«» of 1/ .uul IB}, th<»t is, f.Ktof<» th<»t .»p[m>.h \n 
both sets* A n B - {I, 2, 5^^^^6}. The largest number of the r»e1 of 
common factors'is 6. Therefore ,^..>i)e cif eates t cofTin>on factor ot 12 and 18 
Is 6, that is, the GCF = 6 . 

Let*s try another example: 

A = {factors of 24} - {I, 2, 5, 4, 6, 8, 12, 24}. 
B = {factors of 60} ={1,2, 5, 4, 5, 6, 10, 12, 15, 20, 30, 60} 
A n B = { common factors of 24 and 60}, that Is, factors that appear in 
both sets* An B = { I , 2, 5, 4, 6, 12}. The largest number of the set 
of common factors Is 12. Therefore, the greatest common factor is 12. 
The GCF =^ 12 . 

Exercise 7-6 . , • 

I. Find the set of factions of each of the following: 
Example: 18: {I, ^, 3, 6, 9, 18} 

a. 6 

b. 8 

c. 12 

d. 15 

e. 16 • 

f. 21 ^ 

2^ Using your answers to Exercise I, find the greatest common factor 
(G.C^F.) of the following sets of numbers: ^ 

a. 6 and 8 

b. 8 and 12 ' ^ ^ 

c. 12 and 13 



1 



c. 0, b and 1^.' (Seo pfoblem 8 tu' low fot h(»l[).) 

e. I2> 15 and 21 . ^ 

I. 

f. 8, 12 and 16 

Find the G.C.F. of each of the following sols of number^ 
3. 15 and 25 

4.. 18 and 50 

5. 24 and 56 



25 and 75 




7. 52 and 48 

8. 15, 30 and 56 
Example : A = Hact(^s of 15} = {I, y, 5, 15} 

B = {factors of 50} = {I, 2, 5, 5, 6, 10, 15, 30} 
C ={factprs of 36} = {I, 2, 3, 4, 6, 9^ 12, 18, 36} 
A n B n C = {common factors of 15, 30 and 56) 
={1.3} 

Greatest Common Factor - 3 # 

9. 12, 24 and 48 

10. ■ 15, 30 and, 45 ' \. 

Section 7-7 MultlplQS. Common Multiples and LCM 

Start with {natural numbers} {1, 2, 3, 4, 5, ...)• Let us form 
a new set as- follows: we multiply each natural number 



i4i 



{I, 2, \ 4, .,.} bx.;'^. afKl nev 9, I/, 

A = ( 3, 6, 9, 12, 1"^), . . . } is ca I led the set of^ mu 1 1 i p les of 3. tach 
element of set A Is called a mu 1 1 i p I e of 3^ Lach elerrKnit of A has 
as a factor. Car) you toll why? 



If n, a and b are natural numbers, and 

n = a • b, then n is said to be a mu 1 1 i p le 

gf £ and a mu 1 1 i p le of b^* 

Example: | f 45 = 9 • 5; then 4^ i s a . 
mul t ip le of 9 and 5^. 



We thus see how the words factor and mu 1 1 1 p I e are related. If a and b 
are factors of then ii Is a multiple of a and a multiple of b^. Use 
this definition to fill in the following blanks: 

6* = 3 • 2; therefore, 6. Is a mu 1 1 1 p le of 3. 

3 is a • ■ of 

of 2. 



6 is a 



2 i s a 



of 6 



Since 2 and 3 are also called divisors of 6, it would be correct to say 
that 6 Ijs divisible by both 2 and 3. However, we shal I use the word A 
multiple . So, Instead of saying that 5 js divisible by 2 and 6 is 
divisible by 3, ,we shal I say that 6 Is a multiple of 2 and 6 Is a 
multiple of 3 . The following set is the se^ of multiples of a number 
{6, 12, 18, 24, 30, 36, ••.} Which number? Can you find a number in 
the set which Is at the same time a multiple of 2 and a multiple* of 3? 
You found more than one, didn't you? 



4r 
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( 

You will find tho folli)wi(uj i n tot nwi t i on vi'ijy ti«>lpfiil whon wt)tkiii() 
with multiples of numbers. Study it carefully. 



Mu I r i p I y by 7 



W - {?, 4-, 6, 10, 17, 



{1, 2, 3, 4, 5, 6, ...} 




Miiltiply by 5 C = (5, 6, 9, 17, 15, 18, 



A = B n C = {6, 12, 18, .. . }. V 
Do you see that A is the set of common mu 1 1 i p I es of' 2 and 3? The sma I lest 
element In A Is the least common mu 1 1 1 p I e (LCM) of 2 aVid 3. What is i t? 



12 X 12 Mult ip 11 cat ion Tab le 



X 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


1 1 


12 


1 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10, 


1 1 


12 


2 


2 


4 


6 


8 


10 


12 


14 


16 


18 


20 


22 


24 


3 


3* 


6 


9 


12 


15 


IB 


21 


24 


27 


30 


53 


36 


4 


4 


8 


12 


16 


20 


24 


28 


32 


36 


40 


44 


48 


5 


5 


10 


15 


20 


25 


30 


35 


40 


45 


50 


55 


60 


6 


6 


12 


18 


24 


30 


36 


42 


48 


54 


60 


66 


72 


7 


7 


14 


21 


28 


35 


42 


49 


56 


63 


70 


77 


84 


8 


8 


16 


.24 


32 


40 


48 


56 


64 


72 


80 


88 


96 


9' 


9 


18 


27 


36 


^5 


54 


63 


72 


81 


90 


99 


108 


10 


10 


20 


30 


40 


50 


60 


70 


80 




100 


110 


120 


II 


II 


22 


33 


.44 


55 


66 


77 


88 




1 10 


121 


132. 


12 


12 


2A 


36 


48 


60 


72 


84 


96 


1 08' 


120 


132 


144 
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♦ 

M nd 1ho row wfi i cfi shows tlie t i rst-J2- niu 1 1 1 p Ig* ot !>. 

MncJ the column which shows the tirsl 12 multiples ot 5. 

Notice that the, samo set appears in each: 10, \3, , 60}. 

Do you see that this table c^n be used to find the first 12 multiples 

of al I numbers from I to 12? % 

Find the row ^hlch shows the first 12 multiples of 5* 

Find the column which shows the first 12 multiples of 5, 4^ 
15 appears in both the row and column* So It Is a common multiple of 
3 and 5.- Is it the least common multiple? v , ^ 

The set of the first 12 multiples of 4 Is {4, 8, i2, 16, 48}. 
The set of the first 12 multiples of 6 Is {6^^, 18, .,., 66, 12]. 
The set of common multiples shown Is {12, 24, 36, 48}. The least common 
multiple of 4 and 6 Is 12. 

Exercise 7-7 

I. Use your mu 1 1 Ip 1 1 catf on table to list the first 12 multiples of: 
a. 2 ■ -M, 



b. 3 

c. 5 

d. 6 

e. 8 

f . 7 

g. 9 

h. jl2 



-7" 



Use the restf+ts of ^xerclse I and list the connmon multiples of tb^.^ 

pair*j of number i> t)ulow whU.h o U»ss tfwin 4*). 

a* 2 and 3 

5 and 6 

c, 4 and 5 

a. 5 and 5 

e. 5 and 8 

f. 6 and 9 



If n = a > we know that n^ (s a multipLe of b(j^i^ a^ and b^,- 
Therefore, it is a comnon multiple ^ It is not always the least 
comrx^n multiple,.. For example. If n - 24, a~ 4, b = 6, we see that 
24 is a common multiple of 4 and 6. But it is not the least common 
multiple* Find the pairs below whose product, a * b , is the LCM 



(least common nultlole) of the pair: 



a. 


a = 


2, 


^ = 3, 


a 


• b 


= 6, LCM = 




a = 


5, 


b'^ 6, 


a 


• b 


= 18, LCM = 


c. 


a = 


4, 


• b = 5, 


a 


■• b 


= 20, LCM = 


d. 


a = 


6, 


b = 8, 


a 


• b 


= 48^* LCM = 




a = 


3, 


b = 5 


/a 


• b 


= 1^5, LCM ^ 


f . 


a = 


6, 


b X x; 


a 


• b 


= 30, LCM = 



Find the I east/ common multiple for each of the * follow i ng: 



Examp le : 3, 4 and 6 



{multiples of 3} : {3, 6, 9,@ .y] 
{multiples of 4} 



{multiples of 6} 



The least common multlcfle of 3, 4, and 6.1s 12* 



(4, 8,^2;, 16, ...} 
{6,(12), 18, 




4. (Continued from preceding paytO 
a* 2, 3, and 4 



I 



8, 9, and 12 



c. 4, 5,^\nd 6 



\ ^* ' d.^,' 4, j6,,and 12 



V 



Section 7-8 LCM: Larger Number? and An Easier Way 

So far we have found LCM^s only for two ^or three numbers where 
each number Is less than 13. But the method used before can also be 



used on numbers greater than 12. Let us find the LCM of^ll^5^nd 20. 
We think as before: 



A = {multiples of 15} 
B = {multiples of 20} 

A n B = {common multiples of 15 4nd 20}. 
From set ^ n we. pick the smal lest member. 
This Is the LCM of 15 and 20. 



mu 1 1 1 p I y 

{I, 2, 3, 4, 5, ...}- 



JL5_A^=.{I5, 30, 49, 60, 75, 90, 105, 120, ...} 



by 



20B= {20, 40, 60, 80, 100, 120, 140, ...} 



A n B = {60, 120, ..•>• The LCM of 15 and 20 = 60. 

■ ■ ■ . * 



< . 



let us see if we can find an u<isier and quitkor mothi>.l of firuliru] 
the least coniDon multiple of a of rujmbers, for example, 8 and 12. 
We >hal I use th6 Fundamental Thuorom of Ar i thmet i c . 
. Consider the fol lowing; 

Does 8 ^ 2 • 2 • 2? ans- ^ 

* ■ Does 12 ^ 2 • 2 • 3? ans- 



Now let us^cans i der the prime factorization of 12, that is, 2*2*3 

t 15^2 • 2 • 3 a multiple of 12? 4ns. ^_ 

( Is 2 • 2 • 3 a multiple of 8? ans. ■ ' ^ ^ 



4 

In the product of. primes, 2 • 2- • 3,- whaf other factor is 
needed so that it is a multiple of 8? ans. 



Suppose we take the product of primes, 2 • 2 • 5 and place (n It another 
factor of 2. Thert the product of primes wij I look like this: 
2 • 2 • 2 • 3. "* 
Now consider the following : 

12 will divide 2 ' (2 2 ' 3 ) because the product of primes withl^ the 
parentheses As another name for 12, 8 will divide i_2 * 2 ^ 2) * 3v because 
the producT of primes within the parentheses is another name for 8. 
Therefore, the least common multiple of 8 and 1 2 i ar 2. • 2 • 2 • 3 = ^4 - 
Let us carefully follow one rore example ^^^^^ short method. ^ 
Examp le : Find tiae least corror '-ultiple of 9 an,d 15* 
9 = 3-3' 

Consider 3 * 5. * 
^ 3 ' 5 I 5 a r^ui t i p I e of r5 because 3 • 5 Is another name 

for 15. ^ 



3 • 5 is not a multiple of 9* To bo divisible by tho 
product of primes must have two factors of 3, that Is, 
3-3. 

To make 3 • 5 a mul t Ip le of 9, place one more factor of 3 

In the product of primes, that Is, 3 • 3 • 5* 
Hofi, 3 ♦ 3 and 3 • .S^wH^I both divide 3 • 3 • 5- 
Therefore, the least conmon multlple^of 9 and 15 Is 
3 • 3 • 5 = 45 . 



When you write the problem ?t should look something like this: 

i 

9 = 3-3 

LCM = 3 • 3 • 5 = 45_ 

15=3-5" 



Exercise 7-8 

Find the LCM of the following using prime factorizations: 
\. 12 and 16 12 = 2 • 2 • 3; 16 = 2 • 2 • 2 • 2 

The LCM needs^ 4 factors of 2 to insure that 16 divides It and I 
faQtor of 3 to make certain that 12 divides It. Hence, the LCM 
of 12 and 16 Is 2 • 2 • 2 •. 2 • 3,= 48. 

2. 14 and 18 

3. 10 and 14 » 

4. 16 iand 18 . 

5. 12 and 17 



7. BRAINBUSTER: 100, 250, and 700 



Review Exercise 7-9 
L We have studied the following types of numbers In this chapter: 
a- whole ^umbers b, natural numbers c^' even numbers 

odd numbers e. prime numbers ^ f^ composite numbers 

Next to each of the numbers below place those letters from the 
above list which apply* ^ 
Examp I e : 17 bt d^ e ' 

a. 2 d. 29 

b- 15 e. 24 

, c- I [ 0 



4 

2. Name 3 factors, different from I, of eaOT of the following. 



-Problems (a) and (b) are done for you. 

a. 12: 2, 3, and 6 are factors of 12. 

b. 21: 3, 7, and 21 are factors of 21 

c. 14: 



d. 16: 

e. 24: 
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Nami.) tnu I t jj) jcs , iliffoitMit f i o»" miti-hor it-.i'l(, .w en h .>f ttH> J 

follow! ny. Problems (a) an^Mb) are c^one for you. 

a. ' 6: 12, 18, and 24 art^mu 1 1 i p I es of 6. 

b. H: 22, 53, and 44 are mu 1 1 i p I gb off I I . 

c. 7: 



^ d. 
e. 
f. 



12: 
9: 
5: 



4. List al I prime ftOifibers between I and 50. 



5. List all the multiples of 5 which are less than 61. 



6. List the set of.^ numbers less than 50 which are multiples of 7, 



7 



7. 



tiples of both 5 and 5. 



which are less than 100 and ar| 


1 al so mul - 







8. List the set of all contnon factors for each of the f^^owlng; 

. a. 18 and 42 ■ 

b. 21 and 33 



9. Find the greatest common factor of 

a, 18 and 42 

b. 28 and ?6 



\ 



ERjc : 



150 ' 




} 

10. Find the least comron mu 1 1 i p I e of the fol lowing sets of numbers: 

a. *" 8 and 10 

- b. 12 and 15 
c. 10, 15, and 30 

IL Using any method you wish, find the pr i me factori zati on of the 
fol lowl ng : ^ 
a* 105 . • 

b. 42 • ■ ' ■ 

c. 300 " 

d. 64. 

r 

\ 

BRAlNgUSTER SKILLS 

The following are statements about natural numbers which mathema- 
ticians have prgved to be true* Check tlie correctness of the given 
statements wfth examples/ 

12. True statement I : I f a^ and are natural numbers. If G stands for 
the greatest common factor of a and b, and If L stands for the 
lest common multiple of a^ and b^,vthen a * b = G - L . 
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Examp le : a = 6, b = lb. Then G = i^L = 30. 
a • b = 6 • 15 = 90 

G • L = 3 • 30 = 90 Then a - b ^ G - L . 

a- Let a = 3, b = 5. Find G and L and see If a * b =^ G * L > 

h. Let a 8, b = 20. Find G and L and show that a - b = 6 - L > 

True Statement 2 : If 9 Is a factor of a number, then 9 divides the 
sum of the digits of the number; and If 9 divides the sum of the 
digits of a number, then 9 Is a factor of the number. 
Examples : 

9 Is a factor of 99; ^ + 9 = 18? 9 divides the 

sum of the digits, 18. 
(9 Is a factor of 45; 4 + 5 = 9;^9 divides the 
suri^of the digits, 9. 

a. Decide wlthout^dl vldlng If 9 is a factor of 510,211. 

b. Decide without dividing l^t 9 Is a factor of 2,115.. 

c. Check (a) and (b) by division. 



True Statement 3 : If £ Is a factor of b^, and If b^ Is a factor 
of c^ then a^ Is a factor of ' 

Examp le : a = 2, b = 6. Then a Is a factor of b . 

If c = 12,, 6 Is a factor of 12. b l-S a factor of c . 
Notice 2 Is a' factor of 12. So a Is a factor of c . 
a. a = 5, supply b and c to show the truth of this statement. 




144 



b- c\ 7, b 14. t i < MJ< ti tti.it li i". .1 f.u tor of i . 

0 

• Does a d i vi do c ^ 

15. True Statement 4 : The greatest common fdc:tor of two different 
pr I me numbers i s I ♦ 
Show this is true for: 
a. 5 and 7 



b. I I and 13 



16* True Statement 3 : If 4 is a factor of a number/then 4 divides 
the number formed by the last 2 digits; and if 4 divides the ^ 
number formed by the last two digits, then 4 is a factor of the 

V 

number* 

4 dl vl des 1 32 since 4 divides 52_, number formed by the last 



2 digits. 
IDoes 4 divide J 76,930? 
Does 4 divide 624? 



Why?^ 



Why 



FRir 



15. 



